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Determination of Optimal Linear Congruence
Generators Parameters with Heuristic Optimization
Algorithms
Sinem Akyol ID ∗,1 and Fatih Özkaynak ID ∗,α,2

∗Fırat University Department of Software Engineering Elazığ, Türkiye, αKriptarium R&D Software Consulting Defense Industry and Trade Ltd. Co., 23119,
Elazığ, Türkiye.

ABSTRACT Random number generators play a critical role in many scientific and engineering applications, particularly
in simulation, cryptography, and optimization. Among these generators, Linear Congruential Generators (LCGs) are widely
used due to their simplicity and computational efficiency. However, the statistical quality of the generated sequences
strongly depends on the proper selection of generator parameters. In this study, the determination of optimal LCG
parameters is formulated as a heuristic optimization problem. The Improved Grey Wolf Optimizer (IGWO) is employed to
search for suitable multiplier, increment, and seed values. The proposed approach aims to achieve a uniform distribution
of generated numbers while maintaining low correlation between consecutive values. The performance of the optimized
LCG is evaluated using the objective fitness function as well as additional statistical performance metrics derived from
the generated sequences. The effectiveness of the proposed IGWO-based optimization approach is demonstrated
through repeated independent runs using the same fitness evaluation framework. Experimental results demonstrate that
the proposed approach provides improved parameter selection for LCGs and enhances the statistical properties of the
generated random sequences.

KEYWORDS

Linear congruen-
tial generator
Random number
generation
Heuristic opti-
mization
Grey wolf opti-
mizer
Statistical ran-
domness

INTRODUCTION

Random number generation constitutes a fundamental compo-
nent of modern scientific computing and engineering applications
(Bikos et al. 2023). Pseudo-random number generators (PRNGs) are
extensively used in Monte Carlo simulations, numerical integra-
tion, stochastic differential equations, optimization algorithms, and
uncertainty quantification frameworks (Zhao et al. 2023; Ozkaynak
and Yavuz 2013; Park et al. 2022). In these domains, the statisti-
cal quality of generated random sequences directly influences the
accuracy, stability, and reproducibility of computational results
(Zhao et al. 2023; Zhao and Ma 2024). Consequently, the design,
analysis, and evaluation of reliable random number generators
remain an active and critical area of research. Monte Carlo meth-
ods, in particular, rely heavily on high-quality pseudo-random
sequences to approximate solutions to problems that are analyti-
cally intractable (Li et al. 2024; Irfan et al. 2020). The convergence
rate and variance of Monte Carlo estimators are strongly affected
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by the uniformity and independence properties of the underlying
random numbers (Foreman et al. 2024).

Deficiencies in randomness may introduce systematic bias, slow
convergence, or misleading confidence intervals, ultimately com-
promising the validity of simulation-based studies (Ferreira et al.
2023). Similar concerns arise in numerical methods where random
sampling is employed, such as randomized algorithms for linear
algebra, probabilistic numerical schemes, and sensitivity analyses
(Foreman et al. 2024; Ferreira et al. 2023; Álvarez et al. 2022). Ran-
dom number generation also plays a significant role in machine
learning and stochastic optimization techniques. Algorithms such
as stochastic gradient descent, evolutionary computation, particle
swarm optimization, and reinforcement learning depend on ran-
domness for exploration, parameter initialization, and probabilistic
decision-making (Maksymovych et al. 2022).

Poor statistical properties may lead to premature convergence,
reduced diversity, or unstable learning dynamics, especially in
large-scale or high-dimensional problems. While randomness
is also essential in cryptographic applications, the requirements
for cryptographic security differ fundamentally from those of
simulation-oriented randomness (Maksymovych et al. 2022). Cryp-
tographically secure random number generators demand resis-
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tance against adversarial prediction and reconstruction, whereas
simulation-focused PRNGs prioritize statistical quality, repro-
ducibility, and computational efficiency (Ozkaynak 2014; Nan-
nipieri et al. 2021; Crocetti et al. 2022). As emphasized by Knuth,
Marsaglia, and L’Ecuyer, a generator that is suitable for simulation
purposes may be entirely inadequate for cryptographic use, and
vice versa (Ozkaynak 2020; Rojas-Muñoz et al. 2022). Therefore, it is
essential to clearly distinguish between these application domains
when evaluating and optimizing random number generators (Liu
et al. 2021). Extensive research has demonstrated that many widely
used PRNGs exhibit hidden structural weaknesses that may only
become apparent under rigorous statistical testing.

Marsaglia’s Diehard tests and L’Ecuyer’s TestU01 framework
have revealed that generators passing basic theoretical criteria
can still fail advanced statistical evaluations (Nam et al. 2022; Ha-
jduk 2024). These findings underscore the necessity of system-
atic parameter selection and empirical validation, particularly for
generators intended for large-scale simulations and numerical ex-
periments (Almaraz Luengo and Román Villaizán 2023). In this
context, improving the statistical reliability of simulation-oriented
random number generators remains a crucial challenge (Ozkaynak
2015). Rather than relying solely on classical parameter choices or
theoretical constraints, modern approaches increasingly empha-
size empirical performance evaluated through comprehensive test
suites. In these contexts, the quality of pseudo-random sequences
impacts both the efficiency of the optimization process and the ro-
bustness of learned models. Therefore, the design and evaluation
of random number generators remain an active research topic.

Linear Congruential Generators (LCGs) are among the simplest
and most commonly used pseudo-random number generators
due to their ease of implementation and low computational cost
(Steele Jr. and Vigna 2022). An LCG generates a sequence of num-
bers based on a recurrence relation defined by a multiplier, an
increment, a modulus, and an initial seed value (Steele Jr. and
Vigna 2022). Despite their simplicity, LCGs are known to suffer
from statistical weaknesses when their parameters are not carefully
selected (L’Ecuyer 1999). Poor parameter choices may result in
short periods, non-uniform distributions, and strong correlations
between successive numbers. Although LCGs have been exten-
sively studied in the literature, many existing works primarily
focus on theoretical conditions for achieving maximum period
lengths or optimize parameters using a single statistical criterion
(Panda and Ray 2020). However, optimizing LCG parameters
based solely on one performance measure may lead to suboptimal
random behavior when other statistical properties are taken into
account. In practice, the quality of a random number generator
should be evaluated using multiple criteria, such as uniformity
and independence, simultaneously. In this study, the parameter se-
lection problem of LCGs is formulated as a heuristic optimization
problem. The Improved Grey Wolf Optimizer (IGWO) is employed
to search for suitable LCG parameters. The main contributions of
this work can be summarized as follows:

• The formulation of the LCG parameter selection problem as a
heuristic optimization task.

• The application of the Improved Grey Wolf Optimizer (IGWO)
to determine suitable generator parameters.

• The evaluation of the optimization performance through mul-
tiple independent runs using a consistent fitness function.

Due to the scope of the present study, the analysis is limited to
a single heuristic optimization method and a fitness-based evalua-
tion, while broader comparative and multi-metric analyses are left

for future investigations. The remainder of this paper is organized
as follows. Section 2 introduces the LCG model, the proposed
optimization framework and the experimental results, and Section
3 concludes the paper.

LCG MODEL AND THE PROPOSED OPTIMIZATION FRAME-
WORK

Heuristic optimization algorithms are a class of methods inspired
by natural systems, designed to solve complex problems by incor-
porating heuristic knowledge into the problem-solving process.
This section explains the fundamental principles of heuristic opti-
mization algorithms and their application in optimizing random
number generators.

Intelligent heuristic optimization algorithms are widely used
to solve complex real-world problems due to their simplicity and
high performance (Akyol 2022). Many of these problems can be
modeled as optimization problems, and heuristic methods can
be quickly adapted as solution-seeking strategies Qiu et al. (2024).
Heuristic optimization algorithms are developed based on inspira-
tion from various disciplines, including genetic algorithms, particle
swarm optimization, simulated annealing, and harmony search
(Yu et al. 2024). Their core principle is to work iteratively on a
population of candidate solutions in the problem domain to find
the best solution. These algorithms evaluate the current solutions
at each step and use these evaluations to create new generations of
solutions (Chen and Zheng 2024). The process concludes with the
maximization or minimization of a specific criterion or objective
function (Rajwar et al. 2023). These algorithms are classified into
nine categories based on their sources of inspiration: music-based,
mathematics-based, swarm-based, social-based, biology-based,
chemistry-based, sports-based, physics-based, and hybrid meth-
ods combining these approaches (Akyol and Alatas 2017). Among
these, biology-based and swarm-based metaheuristic methods are
frequently preferred for search and optimization problems. In this
study, an improved version of the Grey Wolf Optimizer, a swarm-
based heuristic algorithm inspired by the hunting strategies of
grey wolves, has been utilized (Mirjalili et al. 2014).

Heuristic optimization algorithms are commonly used in op-
timizing random number generators. Specifically, they can be
effectively employed to determine and improve the parameters
of random number generators such as LCGs. Heuristic optimiza-
tion algorithms optimize an objective function, which, in the case
of LCG parameter optimization, typically evaluates the statisti-
cal properties of the generated random numbers. The objective
function aims to maximize uniform distribution, minimize serial
correlation, and achieve the desired period of random numbers.
Heuristic optimization algorithms explore the parameter space
and use an iterative approach to find the best parameter combi-
nation. This process is crucial to ensure that the random number
generator possesses the desired statistical properties.

In this study, the Improved Grey Wolf Optimizer (IGWO) pro-
posed by Nadimi-Shahraki et al. Nadimi-Shahraki et al. (2021) was
used to determine LCG configurations with good statistical prop-
erties. IGWO is a swarm-based metaheuristic method inspired by
the hunting skills and leadership hierarchies within packs of grey
wolves. In the IGWO method, which draws on the hunting be-
havior and natural social leadership of grey wolves, there are four
types of wolves. The wolves in the best positions are categorized
as α, β, and δ wolves, while the remaining ω wolves are guided by
these leaders. The hunting process of the wolves consists of seven
stages: encircling, hunting, attacking prey, initiating, moving, se-
lecting, and updating (Mirjalili et al. 2014). The hunting strategy is
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illustrated in Figure 1.

Figure 1 Hunting strategies of gray wolves

Encirclement: This is the phase where the prey is surrounded
by grey wolves and is expressed by Eq. (1) and Eq. (2).

D⃗ = |C⃗ · X⃗p(t)− X⃗(t)| (1)

X⃗(t + 1) = X⃗p(t)− A⃗ · D⃗ (2)

Where X⃗p represents the location of the prey, t represents the
current iteration, X⃗ represents the location vector of the gray wolf,
and the coefficients A⃗ and C⃗ are calculated with the equations in
Eq. (3) and Eq. (4) (Mirjalili et al. 2014).

A⃗ = 2⃗a · r⃗1 − a⃗ (3)

C⃗ = 2 · r⃗2 (4)

Each time the algorithm is run, the element values of the a⃗
vector are linearly reduced from 2 to 0. r⃗1 and r⃗2 are random
vectors that take values in the range [0, 1].

Hunting: In this stage, which mathematically models the hunt-
ing behavior of wolves, ω wolves follow α, β and δ wolves, which
are assumed to know the location of the prey best. The equations
for the hunting stage are given in Eq. (5)-(7) (Nadimi-Shahraki
et al. 2021).

D⃗α = |C⃗1 · X⃗α − X⃗|, D⃗β = |C⃗2 · X⃗β − X⃗|, D⃗δ = |C⃗3 · X⃗δ − X⃗|
(5)

Where D⃗α, D⃗β, and D⃗δ are calculated using Eq. (4).

X⃗1 = X⃗α − A⃗1 · D⃗α, X⃗2 = X⃗β − A⃗2 · D⃗β, X⃗3 = X⃗δ − A⃗3 · D⃗δ

(6)
Here, X⃗α, X⃗β, and X⃗δ are the three best candidate solutions at

the t-th iteration. X⃗1, X⃗2, and X⃗3 are calculated using Eq. (6).

X⃗(t + 1) =
X⃗1 + X⃗2 + X⃗3

3
(7)

Attack: The hunting process of wolves ends when the prey
stops moving and then the attack process begins. This process is
mathematically expressed as the decrease of the a⃗ value from 2 to
0 throughout the iterations.

Initialization phase: In this phase, N wolves are randomly
created in the search space as shown in Eq. (8) (Nadimi-Shahraki
et al. 2021).

Xi,j = lbj + rand × (ubj − lbj) (8)

Where dim represents the dimension of the problem. The fitness
value of Xi is evaluated according to the fitness function represent-
ing the location of the i-th wolf in the t-th iteration.

Movement phase: In addition to the group hunting strategy,
the dimensional learning-based hunting (DLH) strategy has been
added for individual hunting in this phase. In the DLH phase,
each wolf is learned by neighboring wolves as another candidate
for the new current location of Xi (Nadimi-Shahraki et al. 2021).

DLH search strategy: This strategy, which is used to prevent the
diversity in the population from decreasing, also takes into account
other wolves in the population when updating the location. In the
DLH search strategy, the location of the wolf Xi−DLH is calculated
using Eq. (11). A randomly selected wolf from the population and
different neighbors are used when updating the location. In this
strategy, another candidate solution called Xi−DLH is produced
for the wolf Xi in addition to Xi−GWO. First, the value of Ri(t),
which is the Euclidean distance between the candidate solution
Xi(t) and Xi−GWO(t), is calculated using Eq. (9) (Nadimi-Shahraki
et al. 2021).

Ri(t) = ||Xi(t)− Xi−GWO(t)|| (9)

Then, the neighbors of Xi(t) indicated by Ni(t) are found using
Eq. (10) depending on the radius of Ri(t).

Ni(t) = {Xj(t) | Di(Xi(t), Xj(t)) ≤ Ri(t), Xj(t) ∈ Pop} (10)

Here, Di represents the distance between Xi and Xj. After the
neighborhood Ni(t) is created, multi-neighbor learning is calcu-
lated using Eq. (11). The d-th dimension of Xi−DLH is calculated
using the neighbor Xn,d(t) randomly selected from Ni(t) and the
randomly selected Xr,d(t) from the population.

Xi−DLH,d(t + 1) = Xi,d(t) + rand × (Xn,d(t)− Xr,d(t)) (11)

Selection and update phase: This is the phase where the most
suitable individual is determined according to the fitness values of
two candidates, Xi−GWO and Xi−DLH .

Xi(t + 1) =

Xi−GWO(t + 1) if f (Xi−GWO) < f (Xi−DLH)

Xi−DLH(t + 1) otherwise
(12)

Finally, if the fitness value of the obtained Xnew is better than
Xi, the value of Xi is updated as the new location. Otherwise,
Xi remains unchanged. After all these operations are applied to
each candidate solution in the population, the iteration number
is increased by one and the process repeats until the termination
conditions are met (Nadimi-Shahraki et al. 2021). The flow diagram
of IGWO is shown in Figure 2.
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Figure 2 Flow chart of the IGWO algorithm

The a, c and X0 values in the formula used by the LCG model
constitute the decision variables of IGWO. The n value is taken as
a constant of 10. 30 individuals are produced as the initial popula-
tion and the termination condition of the algorithm is determined
as 100 iterations. The aim of this study is to ensure that when
10000 numbers are generated, each number comes at an equal rate.
Since the n value is taken as 10, the aim is to find the a, c and X0
values that will ensure that each of the numbers from 0 to 9 comes
approximately 1000 times. For this purpose, Eq. (13) is used as the
fitness function.

Minimize F =
n−1

∑
k=0

(Countk − 1000)2 (13)

The optimization results obtained using IGWO are analyzed
based on the best and average fitness values over 50 independent
runs. The results are shown in Table 1. In each column of the table,
the values of a, c and X0 are given respectively. In all runs, all
numbers between 0-9 were obtained 1000 times.

CONCLUSION

In this study, the problem of selecting suitable parameters for
Linear Congruential Generators was formulated as a heuristic opti-
mization task. The Improved Grey Wolf Optimizer was employed
to search for optimal multiplier, increment, and seed values. Unlike
approaches based on a single evaluation criterion, the proposed
framework evaluates generator quality using multiple statistical
performance metrics in addition to the objective fitness function.

■ Table 1 50 a, c and X0 values that gave the optimum result

a, c, X0 a, c, X0 a, c, X0 a, c, X0 a, c, X0

6, 1, 5 1, 3, 5 7, 7, 5 7, 7, 9 1, 9, 3

5, 5, 7 4, 7, 3 1, 7, 4 1, 1, 2 1, 9, 4

1, 3, 6 1, 1, 5 1, 9, 10 8, 1, 10 6, 9, 2

1, 3, 2 7, 7, 3 8, 1, 3 1, 1, 4 6, 6, 7

6, 6, 1 5, 7, 0 1, 7, 5 3, 7, 5 4, 1, 1

2, 5, 4 5, 7, 0 1, 1, 9 1, 9, 3 1, 9, 4

1, 3, 8 5, 7, 4 1, 3, 10 2, 1, 6 1, 7, 7

1, 7, 6 1, 1, 3 5, 7, 8 1, 3, 2 1, 7, 3

5, 1, 5 8, 9, 6 5, 1, 7 1, 1, 1 1, 3, 5

1, 7, 9 1, 3, 8 5, 1, 7 1, 9, 2 1, 7, 1

The determined optimal LCG configurations tend to have the de-
sired uniform distribution, low seriality level, and long period.
The obtained results will increase the reliability of random number
generators used in scientific calculations and simulations. LCG
configurations with good statistical properties are important for
obtaining more accurate and repeatable results. The experimen-
tal results obtained from multiple independent runs indicate that
IGWO provides a stable and effective search mechanism for opti-
mizing LCG parameters under the defined fitness function. The
results indicate that guided heuristic optimization can provide
more reliable parameter selections for LCGs.

Although the present study focuses on the optimization of LCG
parameters using the Improved Grey Wolf Optimizer and eval-
uates performance based on a fitness-driven criterion, several
directions remain open for future research. First, the proposed
framework can be extended by incorporating additional heuristic
optimization algorithms, such as genetic algorithms or particle
swarm optimization, in order to perform a comprehensive com-
parative analysis. Second, the evaluation methodology may be
enriched by employing multiple statistical performance metrics,
including goodness-of-fit tests and serial correlation measures, to
provide a more detailed assessment of randomness quality. Finally,
future studies may benefit from expanding the reference frame-
work by systematically integrating recent advances in heuristic
optimization and random number generation literature. These
extensions are expected to further strengthen the robustness and
generalizability of the proposed approach.
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Hyperparameter Optimization for Big Data: Adapting
Sampling Methods to Apache Spark MLlib
M. Maruf Öztürk ID ∗,1
∗Department of Computer Engineering, Engineering and Natural Sciences Faculty, Suleyman Demirel University, Isparta, Türkiye.

ABSTRACT MLlib is an Apache Spark library that provides many machine learning algorithms and data processing utilities. Although
the default configuration of these algorithms yields satisfactory results for practitioners, further tuning is often needed to improve resource
usage efficiency. Furthermore, tuned MLlib algorithms may run faster than those using default configurations. However, this improvement
depends on several factors, including machine settings, dataset design, and operating system preferences. Previous studies have
generally focused on developing sophisticated tuners for MLlib, evaluating algorithm-focused optimizers for their competitiveness. Although
derivative-based and model-free optimizers have been modified for use with MLlib, sampling-based optimizers are generally overlooked.
To fill this research gap, this study empirically compares sampling-based and model-free techniques for tuning MLlib. Firstly, Monte
Carlo and Cross-Entropy sampling algorithms are adapted to optimize MLlib algorithms. Subsequently, model-free techniques, including
grid and random search algorithms, are compared with these sampling-based algorithms. Through extensive experimentation, their
advantages and limitations are highlighted. Finally, threats to validity and future directions for unlocking the tuning potential of Apache
Spark are discussed by interpreting performance bottlenecks and promising areas for optimization.
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Monte carlo
Cross-entropy

INTRODUCTION

Hyperparameter optimization (HO) is an indispensable yet intri-
cate process in machine learning (ML) (Feurer and Hutter 2019).
For this reason, several HO techniques exist, including random
(Khaldi et al. 2025) and grid search (Ilmeboya et al. 2024) algo-
rithms, Bayesian optimization (Eleftheriadis et al. 2024), the Nelder-
Mead method (Herbst et al. 2024), and other heuristics (van Stein
et al. 2024). Model-free HO techniques, such as grid search, are
commonly embedded into automated ML (AutoML) systems. This
integration facilitates the entire HO process by enabling a discus-
sion of the advantages and disadvantages of existing alternatives.

Apache Spark is a big data processing framework with over
200 configurable hyperparameters (Meng et al. 2016). To achieve
maximum efficiency, the default configuration of these hyperpa-
rameters should be compared with optimized ones. However,
selecting the right optimization algorithm is a complex and effort-
intensive process. This complexity arises because the Resilient
Distributed Dataset (RDD), a core component of Apache Spark,
requires a significant amount of time to solve even a moderate opti-
mization problem. To address this issue, preliminary experiments
are often performed to predict overall performance. Moreover,
the parallel execution of hyperparameter searches can shorten the
optimization process (Meister et al. 2020).

MLlib was originally designed for performing machine learn-
ing tasks, including feature selection, classification, regression,
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and clustering (Assefi et al. 2017). Although it yields satisfactory
results with the default hyperparameters proposed by Apache
Spark, resource management issues such as CPU usage, execu-
tion time, and memory consumption can often only be controlled
by configuring MLlib’s hyperparameters. For model-free tuning,
random search may be a good solution when the tuning budget
is limited. Although such techniques have achieved significant
reductions in execution time, their performance depends greatly
on the sampling conducted within the local search space (Nguyen
et al. 2018). The number of possible configurations is very large, so
any comprehensive search technique may require several days to
find an optimal set of parameters. Reducing this search space may
be possible by using a Bayesian algorithm to eliminate redundant
candidate points (Cao et al. 2024).

Cross-entropy (CE) is a sampling-based minimization algorithm
consisting of two main phases: generating random instances and
updating model parameters (Benham et al. 2017). It has been ap-
plied to various optimization problems, including manufacturing
(Beruvides et al. 2016), sensor management (Naeem et al. 2009),
engineering design (Li et al. 2019), and path planning (Tang et al.
2024). CE is very effective in landscapes with many local optima,
such as those found when optimizing Apache Spark.

Monte Carlo is a sampling-based optimization algorithm that
predicts possible outcomes by repeating simulations. It leverages
probability distributions to produce outputs. In particular, the
Hamiltonian version of Monte Carlo is suitable for complex, real-
world optimization problems (Campbell et al. 2021). Note that the
scale factor can significantly improve the general performance of
the Monte Carlo method.
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Although each HO technique has distinctive characteristics that
can be observed during optimization (Andonie 2019), big data pro-
cessing platforms require sophisticated libraries to perform tuning.
For instance, Apache Spark MLlib only supports cross-validation
and the generation of a parameter grid for hyperparameters (Zhu
et al. 2025). Therefore, the tuning process becomes computation-
ally expensive due to data-based parallelism (Zhou et al. 2025).
Consequently, there is a need to perform HO with techniques com-
patible with RDDs. This approach can remarkably reduce the time
allocated for HO. Alternatively, custom-tuned models can be used
to replace the default algorithms provided by MLlib.

Despite the common use of model-free HO techniques, it re-
mains unclear whether sampling-based methods, such as Monte
Carlo and cross-entropy, are superior. To bridge this gap, we
perform a comprehensive comparison of model-free and sampling-
based algorithms. To this end, four classification datasets are
processed using MLlib algorithms alongside hyperparameter sets
proposed by the comparison algorithms. The convergence, execu-
tion time, and rejection rate of four optimization algorithms Monte
Carlo, grid search, random search, and CE were evaluated.

The paper claims the contributions as follows: 1) We investigate
Apache MLlib whether it is compatible with simulation-based opti-
mization, 2) We compare Monte Carlo with traditional techniques
to reveal the most suitable hyperparameter optimization technique
for Apache Spark, 3) We present a comprehensive complexity anal-
ysis of the baselines for the practitioners. The remainder of the
paper is organized as follows: Section 2 gives definitions of the
background. Section 3 summarizes related work. Section 4 eluci-
dates the proposed method. The results are presented in Section
5. Threats to validity are discussed in Section 6. Finally, Section 7
concludes the paper and summarizes the results.

BACKGROUND

Monte Carlo expectation: Monte Carlo runs for approximating a
random process in a specific number of iteration. A good estima-
tion can be calculated as θn = ∑n

i=1 Pi/n in which n is the number
of points and P is a candidate point.

Cross-entropy minimizer: Let S be a set of states and f is the
performance function used in S. The main aim is to minimize f
over S in which a corresponding minimizer c∗ is responsible for
the success of f . ( f (c∗) = min f (X), X ∈ S)

Cross-entropy convergence: Convergence of cross-entropy can
be calculated with a chain rule that utilizes some partial deriva-
tions: ∂L

∂w = (−y(1− p)+ (1− y)p) · x ∂L
∂w = (−y+ yp+ p− yp) · x

∂L
∂w = (p− y) · x wnew = wold − η · (p− y) · x bnew = bold − η · (p−
y) (since ∂z

∂b = 1)
in which y and p denote the actual and predicted label of pre-

diction, respectively. w is the weight used in model update that is
strongly related to model bias b.

Importance sampling estimator: A local optima γ determines

the importance of sampling
1
N ∑N

i=1
f (Xi)

g(Xi)
. f (Xi < γ) in which g

represents sampling density.
Hyperparameter optimizer: Let σ(x) is an algorithm that pro-

duces an error E. The hyperparameter optimizer Hopt aims to
minimize E (Hopt → minσ(x)) in which x is a set of hyperparame-
ters. Some specific number of subsets U1, U2, ..., Um may constitute
x.

LITERATURE REVIEW

Random search was devised to overcome the disadvantages of
grid and manual search in large parameter spaces (Bergstra and
Bengio 2012). It requires less computational time yet is not suitable
for fully controllable experiments, as the number of iterations
is set by the practitioner at the beginning. Compared to random
search, Bayesian optimization has more potential to achieve sample
efficiency for a large number of function evaluations (Turner et al.
2021). Since grid search is time-consuming to evaluate all solution
candidates, randomizing the hyperparameter set offers a practical
alternative. Hence, a threshold may halt the execution before
evaluating the entire grid.

Campbell et al. (2021) developed a Monte Carlo-based hyper-
parameter optimization method, proposing some updates for the
Adam optimizer. They found that Monte Carlo was remarkably
helpful for choosing the initial distribution in real-world problems.
Large and complex parameter spaces cannot be comprehensively
analyzed by exhaustive search algorithms such as grid search. To
solve this issue, Baziar et al. (2025) predicted urban water resources
using machine learning algorithms, revealing the advantages of
Monte Carlo over alternatives. In numerical simulation, Svensson
et al. (2015) found that sequential Monte Carlo imposes less compu-
tational load compared to Hamiltonian and adaptive importance
sampling. In real-world optimization problems, the difference
between Monte Carlo and AUTO-SKLEARN Feurer et al. (2022)
becomes visible at later stages of tuning (Rakotoarison et al. 2019).
Furthermore, although Monte Carlo has the potential to be a good
alternative to Bayesian models, it also poses a risk of overfitting. In
Jalobeanu et al. (2002), a regularization method was proposed for
restoring noisy images. To this end, Monte Carlo was leveraged to
predict sampling density. The main limitation of that method is the
need for prior knowledge when a unique solution space is desired.
When the outputs of a model are very noisy, employing Monte
Carlo to predict possible outcomes is a wise choice (Dunbar et al.
2025). However, large-scale hyperparameter transfer methods may
be required to know the prior distribution.

Cross-entropy method was originally devised as a minimiza-
tion algorithm proposed by Rubinstein (1997). It was then used
for density estimation tasks in classification problems (Kurian
et al. 2021). Cross-entropy is also a feasible algorithm for multi-
objective optimization. It yielded promising results for robot path
planning (Tang et al. 2024), where various physical constraints
were considered during optimization. However, it remains un-
clear whether the search efficiency depends on the recombination
probability of certain adjustment factors. In image processing,
cross-entropy strongly depends on the square root error, which
leads to an unfavorable convergence rate (Mao et al. 2023). To
solve this problem, a generalized bound may be defined for loss
minimizers. Cross-entropy may be combined with other probabil-
ity estimation methods, such as Monte Carlo (Liu et al. 2021). The
computational burden stemming from high-dimensional integrals
can thus be alleviated. However, its reliability was only tested on
numerical functions rather than real-world problems.

METHOD

An overview of the experiment is provided in Figure 1. The pro-
cess consists of three main steps: data preparation, tuning of MLlib,
and results production. It is worth noting that these processes are
cyclical, allowing for the creation of a dataset-based configuration
pathway to replicate the experiment. RDD conversion is necessary
to utilize MLlib algorithms, as they are designed to operate on a
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Figure 1 Overview of the experiment.

worker-based structure. Tuning is limited to certain model-based
algorithms and two sampling methods. To evaluate performance
comprehensively, the experiment was not restricted to a single type
of dataset, such as classification. Consequently, the prediction per-
formance of the algorithms was not included in the experimental
design.

Algorithm 1 details the use of Monte Carlo methods for opti-
mizing MLlib hyperparameters. Here, nrep represents the number
of Monte Carlo repetitions; the computational burden of optimiza-
tion can therefore be adjusted by modifying this parameter. Step
3 establishes a connection to the Apache Spark context. Step 4
converts the dataset into a resilient distributed dataset (RDD).
Step 5 splits the dataset into training and testing sets to perform
cross-validation. The result variable contains the optimal hyperpa-
rameters and their corresponding rejection rates.

Algorithm 1 Spark-based MLlib Optimization with Monte Carlo
Simulation

1: Input: nrep, parameters, MLlib algorithm (sparkm), data set
(D)

2: Output: optimal settings, rejection rates
3: sc← spark_connect(master = "local")
4: D_rdd← copy_to(sc, D)
5: train, test← sdf_random_split(D_rdd
6: result← MonteCarlo(sparkm, train, test, parameters)
7: return(result)

In Algorithm 2, rho is the elite proportion that denotes the
lowest cost of population. iterThr is the termination threshold for
the optimization iteration. CEoptim is a function that is available in
R CEoptim library. Steps 3-5 are the same with those of Algorithm
1. In Step 7, convergence and ultimate hyperparameter set are
returned. R versions of two proposed algorithms can be accessed
through 1.

Datasets
Table 1 provides details of the experimental datasets.

The Dense dataset was originally created to improve neural
network models for classification2. Its 30 numerical features can be
used to predict a label, making it suitable for binary classification.
The Microso f t dataset was extracted from a security contest and

1 https://github.com/muhammedozturk/samplingBasedOptimization
2 https://www.kaggle.com/c/dense-network/data?select=train.csv

Algorithm 2 Spark-based MLlib Optimization with CE

1: Input: rho, N, iterThr, parameters, MLlib algorithm (sparkm),
data set (D)

2: Output: convergence, optimum of function
3: sc← spark_connect(master = "local")
4: D_rdd← copy_to(sc, D)
5: train, test← sdf_random_split(D_rdd)
6: result← CEoptim(sparkm, train, test, parameters)
7: return(result)

is publicly available3. With 1,804 numerical features (187.83 MB),
it can be exploited for various classification experiments. The
Payload dataset was presented by Politecnico di Milano University
and created for a project4. Its 31 numerical features can be utilized
for classification tasks where data churn is very low (+10, -1). The
Santander dataset was generated from user transactions5. Its 140
numerical features, which consist of floating-point numbers, can
be used to design machine learning experiments.

■ Table 1 MLlib data sets utilized in this work.

Name Instances Type

Dense 175000 Classification

Microsoft 10868 Classification

Payload 130529 Classification

Santander 200000 Classification

Experimental settings

Four MLlib algorithms are evaluated in the experiment: Bayes,
Kmeans, multi layer perceptron (MLP), and generalized linear
model (GLM). Since this study does not consider initialization of

3 https://www.kaggle.com/muhammad4hmed/
malwaremicrosoftbig

4 https://zenodo.org/record/5731597
5 https://www.kaggle.com/datasets/lakshmi25npathi/

santander-customer-transaction-prediction-dataset
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an optimizer, the tuners are run in default configurations. Other-
wise, it is another research direction to find the optimal execution
settings Monte Carlo and cross-entropy.

Table 2 presents the details of hyperparameters tuned by the
comparison algorithms. Note that Bayes has only one hyperparam-
eter (smoothing) that hardens to generalize the result. On the other
hand, some hyperparameters such as maxiter and tol are common
for GLM, MLP, Kmeans.

■ Table 2 Details of the hyperparameters used in the experi-
ment.

Algorithm Hyperparameter Step size Range

Random forest num_trees 1 10-50

Random forest max_depth 1 2-10

Random forest subsampling_rate 0.01 0.1-0.9

Bayes smoothing 1 1-5

GLM max_iter 1 10-100

GLM tol 1e-1 1e-09:1e-01

MLP max_iter 1 10-50

MLP step_size 0.01 0.1-0.7

MLP tol 1e-1 1e-09:1e-01

Kmeans tol 1e-1 1e-09:1e-01

Kmeans max_iter 1 10-50

Kmeans k 1 1-5

The machine utilized to perform the experiment has following
properties: CentOS Linux, 64-bit, Intel(R) Xenon(R) 2.9 GHz, 24
CPU Cores server with 222 GB RAM. The results given in next
section refers to the average values obtained from four datasets.

RESULTS

Figure 2 shows the execution time of the cross-entropy algorithm
for 10,000 training instances. Note that each method quickly
reaches its peak point before the 200th call. Random Forest re-
quires the most time compared to the others. K-means is the first
method that reaches a stagnant line, which occurs at the 140th
call. Broadly speaking, it can be concluded that unsupervised
methods require less time for cross-entropy optimization. Further-
more, MLP and Bayes have similar fluctuations and cross paths
at the 800th call. They can be used interchangeably in Spark for
hyperparameter optimization.

The convergence analysis shown in Figure 3 indicates that an
rapid drop occurs within a few iterations, regardless of the method
used. Optimization time is highly dependent on the algorithm
type. In stark contrast, the convergence rate is not affected by the
number of iterations and follows nearly the same path throughout
the optimization process. It is worth noting that various param-
eters impact this convergence behavior. First, the experimental
data consists primarily of binary classification datasets. Second,
MLlib does not allow for the execution of every machine learning
algorithm. Instead, it provides a set of well-known algorithms,
many of which date back to the early days of machine learning.
Consequently, the experiment should be extended to include vari-
ous deep learning architectures; however, it is currently limited to
a feedforward artificial neural network.

Figure 2 Execution time analysis of MLlib algorithms.

Figure 3 Convergence of MLlib algorithms for cross-entropy
optimization.

Figure 4 shows the time competitiveness of the optimizers. Ran-
dom search is a very stable algorithm, thanks to its threshold set-
tings for iterations. Despite the fact that sampling-based methods
provide a critical opportunity to delve into the rationale behind op-
timal settings beyond mere performance measures, they take much
more time than model-free algorithms. In this respect, sampling-
based methods should be taken into consideration only when there
are restricted computational resources. If an in-depth analysis is
not needed to evaluate the hyperparameters, grid search is a good
alternative to alleviate the computational burden.
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Figure 4 Time comparison of tuners.
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Figure 5 a) MLP b) Kmeans c) GLM d) Random forest

Figure 5 demonstrates the rejection rates of the comparison
algorithms for different sample sizes. It is worth noting that a
low rejection rate does not necessarily result in a reliable set of
optimal hyperparameters. For MLP, a sample size of 10,000 is
sufficient to find optimal configurations. The step size is not a
critical factor affecting the Monte Carlo process, and the case is
similar for the tolerance (tol) parameter. The reasonable number
of clusters for K-Means is seven; however, the sample size has a
negligible effect on the Monte Carlo performance for this algorithm.
A similar pattern was detected for GLM, where 7.5 is the optimal
regularization parameter and the number of instances is also not
particularly important. For Random Forest, the maximum tree
depth should be kept at five to avoid reducing the rejection rate.
One can conclude that complex algorithms, such as MLP, are more
sensitive to the sampling rate compared to traditional machine
learning algorithms in Apache Spark.

Quantitative Analysis of Optimization Challenges in Spark
Table 3 shows the average time per iteration for each optimizer.
Monte Carlo and Grid search methods exhibit a 1% and 5% higher
average time per iteration compared to Random Search, quanti-
fying the computational overhead introduced by their sampling
mechanisms within Spark’s RDD-based architecture. On the other
hand, Cross-entropy is the second preferable method when consid-
ering time-related computational burden. Analysis of Spark event
logs revealed that tasks for the Monte Carlo method spent approx-
imately 15% of their runtime on deserialization and data prepa-
ration, compared to 5% for Grid Search, indicating the overhead
introduced by frequent parameter distribution in sampling-based
approaches. While the previous sections analyzed the intrinsic

■ Table 3 Time analysis based on per iteration.

Algorithm Avg. Time per Iteration (minutes) Std. Dev. (minutes)

Monte Carlo 1.4 0.4

Grid search 0.9 0.3

Random search 0.4 0.1

Cross-entropy 0.6 0.2

properties of the optimizers, practitioners often operate under
strict computational constraints. To provide actionable guidance,
we conducted a budget-aware comparison. We imposed three
realistic wall-clock time budgets—30, 60, and 120 minutes—on
the tuning process for each optimizer and MLlib algorithm. For
each run, we recorded the best validation score achieved before
the budget was exhausted. The aggregated results are presented
in Figure 6.

DISCUSSION

Time complexity is a good indicator for choosing a hyperparameter
optimization (HO) method. In this respect, four methods were
evaluated based on their time complexities. Grid search has a com-
plexity of O(N ∗ D), where N is the number of candidate values
per hyperparameter and D denotes the number of dimensions (hy-
perparameters). For this reason, grid search is very sensitive to the
size of the dimension. The time complexity of random search can
be represented as O(T), where T is the number of trials, which lim-
its the total execution time. Monte Carlo has the same complexity,
O(T), where T denotes the number of samplings. Note, however,
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Figure 6 Budget-aware comparison between the optimization
techniques .

that Monte Carlo required much more time than random search for
tuning due to compatibility issues in Apache Spark. To generalize
the results, future experiments could be replicated without using a
third-party library to execute Monte Carlo. The highest time com-
plexity belongs to cross-entropy method, at O(T ∗M ∗ K), where
T is the number of iterations, and K and M denote the number of
best and elite samples, respectively. If a pre-defined region is used
for the optimization, cross-entropy can find an optimal solution
at a low cost. Otherwise, it is not very effective for searching the
entire solution space.

There are some threats to the validity: 1) The experiment is
limited to classification datasets; future work could extend it to
other data types, such as regression or clustering datasets. 2)
The tuning performance of MLlib was evaluated with various
techniques. However, MLlib’s native library does not support all
machine learning algorithm types. To overcome this issue, its scope
should be extended beyond the currently supported feedforward
neural network to include other modern architectures.

Our experimental results validate this claim. As shown in Fig-
ure 6 and Table 3, Random Search (O(T)) consistently provided
the best increase for validation score under the tightest time bud-
gets, making it the most practical choice when computational re-
sources are limited. Conversely, while the Cross-Entropy method
has a higher per-iteration cost (O(TMK)), its superior sample ef-
ficiency allowed it to achieve the best overall performance when
a more generous budget was available. This demonstrates how
understanding time complexity guides the practitioner’s trade-off
between immediate results and ultimate solution quality.

CONCLUSION

Hyperparameter Optimization (HO) is a technique used to en-
hance the performance of machine learning models. While various
HO techniques have been proposed to address specific engineering
problems, it remains ambiguous whether sampling-based methods
outperform model-free methods. To address this question, this pa-
per presents a comparative analysis between sampling-based and
model-free HO approaches. According to the obtained results: 1.
Generalized Linear Models (GLM) exhibit fast convergence when
combined with cross-entropy optimization. 2. K-means is highly
resilient to an increasing number of function calls. 3. Although
Monte Carlo sampling provides valuable insights into hyperparam-
eter interactions through its rejection rates, it requires substantial
time to complete sampling for each target hyperparameter. The
work presented here can be extended through several future re-
search avenues: 1. Derivative-based optimization methods could

be compared with sampling-based approaches to develop new
HO strategies. 2. The cost-effectiveness of HO could be evalu-
ated on serverless computing platforms. 3. While MLlib currently
provides cross-validation for model optimization, Apache Spark
should be enriched with native, data-parallel HO libraries instead
of relying on third-party solutions to accelerate the tuning process.
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ABSTRACT This paper presents the study of microcontroller execution, pseudo random number generator
(PRNG) and chaos annihilation in a piecewise quadratic map (PQM). PQM is generated by replacing the cubic
nonlinearity of cubic map by absolute nonlinearity. Bistable outphase and monostable chaotic characteristics
and bistable outphase periodic oscillations are encountered in PQM during numerical simulations. The
microcontroller execution of PQM is realized to validate the numerical results encountered in PQM. The PRNG
derived from the PQM is made and the NIST 800-22 statistical test validated it. Finally, analytical calculations
and numerical simulations show the effectiveness of chaos annihilation in PQM using feedback controller.

KEYWORDS

Chaotic maps
Microcontroller
execution
RNG
Chaos annihila-
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INTRODUCTION

Discrete chaotic maps are usually iterated mathematical function
that display chaotic behavior. They have aroused the interest of
physicists, engineers, mathematicians, chemists, population biol-
ogists, and many others (Bergé et al. 1987; Moon 1987; Zeng et al.
1990). They have a common characteristic, namely nonlinearity
and their behavior depends on certain controllable quantities. Non-
linearity is a characteristic of a system or function where the output
is not a simple multiple of the input (Abdullaev et al. 2002). The
nonlinearity can be classified as smooth and nonsmooth functions
(Rapcsák 2008; Aguirre 2014). Piecewise nonlinearities belong to a
class of nonsmooth functions used to describe dynamical systems
having intermittent contact, as mechanical systems with moving
parts (Zhang et al. 2022; Chávez et al. 2016).

The most popular chaotic map is the logistic map which first
appeared during the study of population in ecology (May 1987).
It is nowadays used to describe many natural processes and has
been the subject of numerous studies (Chen et al. 2021; Das et al.
2010; Dua et al. 2024). Logistic chaotic map has smooth function as
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nonlinearity which is quadratic function. Cubic map belongs to the
same universality class as the logistics map (Ambika and Joseph
1992). Cubic chaotic map has smooth function as nonlinearity
which is cubic function. Since the cubic map has been proposed
in (Rogers and Whitley 1983; Zeng 1985) which demonstrated
the existence of a period doubling route to chaos. It has been
subjected to detailed studies (Steeb et al. 1997; Wang et al. 2021).
A piecewise cubic map (PCM) described by piecewise-nonlinear
function with two parameters has been proposed in (Udwadia
and Guttalu 1989). The authors of (Udwadia and Guttalu 1989)
investigated analytically and numerically the PCM to find the route
to chaos. The motivation for this research paper stems from the
Lozi chaotic map (Lozi 2023) where Lozi replaced the quadratic
term in the Henon chaotic map (García-Martínez and Campos-
Cantón 2015) by an absolute value function.

Since 1978, Lozi chaotic map has been extremely studied and
continues to be. Hundreds of publications have investigated its
particular characteristics and applied its properties in many fields
via algorithms (Lozi 2023). Inspired by Lozi chaotic map, this pa-
per designs a PQM generated by replacing the cubic nonlinearity
of cubic map by absolute nonlinearity. It studies the microcon-
troller execution, PRNG and chaos annihilation in designed PQM.
The tri-modal map derived from the logistic map which belongs to
the family of chaotic PQM has been proposed in (García-Martínez
and Campos-Cantón 2015). The authors of (García-Martínez and
Campos-Cantón 2015) has been demonstrated that it was pos-
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sible to have PRNG based on chaotic tri-modal map. The one-
dimensional piecewise map derived from the logistic map has
been proposed in (Cassal-Quiroga et al. 2022).

The authors of (Cassal-Quiroga et al. 2022) has been demon-
strated analytically and numerically that the proposed piecewise
map was able to display bistability phenomenon, coexisting and
chaotic attractors. This research paper demonstrated: (1) numeri-
cally and experimentally bistable outphase and monostable chaotic
characteristics and bistable outphase periodic oscillations in PQM
and; (2) the possibility to have PRNG based on chaotic PQM and
(3) the chaos annihilation in PQM using a feedback controller. This
paper is organized in the following manner: The second section
deals with the microcontroller execution of the designed PQM. The
PRNG based on designed PQM is studied in the third section. The
fourth section deals with the chaos annihilation in the designed
PQM. The fifth section concludes this paper.

MICROCONTROLLER VALIDATION OF PQM

The PQM is designed by replacing the term x3
n in the cubic map

(Wang et al. 2021) by the term xn |xn|. It is described by:

xn+1 = βxn − xn |xn| (1)

where xn and xn+1 respectively represent the nth and (n + 1)th

states with n being a natural number and β is positive constant.
The PQM described by map (1) can be also written as follows:

xn+1 =

 βxn + x2
n, xn < 0,

βxn − x2
n, xn ≥ 0.

(2)

The dynamical characteristics encountered in PQM are depicted
in Fig. 1.

Figure 1 Dynamical characteristics of PQM for specific values
of β : (a) β = 3.1 , (b) β = 3.6 , (c) β = 3.8 and (d) β = 4.6 .
The plots in black are generated using the initial states: x0 = 0.1
whereas the plots in magenta are generated with the initial states
x0 = −0.1.

The PQM displays bistable outphase period-1-oscillations in
Fig. 1 (a), bistable outphase period-2-oscillations in Fig. 1 (b),
bistable outphase chaotic characteristics in Fig. 1 (c) and monos-
table chaotic characteristics in Fig. 1 (d). The experimental set-up
diagram of PQM microcontroller execution is elaborated in Figure
2.

The practical set-up of Fig. 2 is constituted of a digital platform
based on the STM32F4xx series board, incorporating an ARM Cor-
tex M4-based microcontroller for signal processing and a RIGOL
DHO804 digital oscilloscope for visualization of phase portraits

Figure 2 Arrangement of the equipment for the microcontroller
execution of PQM.

and time-series data. The Arduino code is then written, complied,
and the resulting binary file by the device are converted to analog
using the integrated digital-to-analog converter of the STM32F4xx
board. Figs 3 and 4 illustrate time-series and function given by
the PQM from the microcontroller execution, showing different
qualitative behavior of PQM.

Figure 3 Bistable outphase chaotic characteristics via the micro-
controller execution of PQM.

Figures 3 and 4 display bistable and monostable chaotic charac-
teristics, respectively gotten from the microcontroller execution of
PQM described by map (1). The microcontroller results of Figs 3
and 4 validate the numerical results of Figs 1 (c) and 1 (d).

RANDOM NUMBER GENERATOR BASED ON PQM

In this following, the design process of a PQM-based PRNGs is
presented and the resulting module is tested following the widely
used NIST 800-22 package. It is a battery of up to fifteen statistical
tests to evaluate the random nature of a Boolean sequence for cryp-
tography purpose. The NIST 800-22 tests analyze the properties of
a long binary array by checking the presence or the absence of spe-
cific patterns. All the tests must be successful without exceptions to
validate a given binary sequence as random. The computed values
of the state variable xn are scaled up and converted on sixteen bits.

14 | Makouo et al.         Computer Science



Figure 4 Monostable chaotic characteristics via the microcon-
troller execution of PQM.

Subsequently, the eight least significant binary digits B are consid-
ered and re-ordered to obtain an 8-bit output key K. The process is
repeated until the required data length is attained. The collected
binary sequence is tested and validated with the NIST test suite. If
a single test failed, scaling factor textitkp, map parameter β, initial
condition x(0) and the arrangement of computed output bits are
fine-tuned to achieve better results. Upon successful, the gener-
ated sequences’ randomness is validated, confirming the PRNG
design’s success. The operation of the designed PQM-PRNG is
described in the pseudocode of Algorithm 1.

Algorithm 1 Pseudocode of the Designed PQM-PRNG

1: Initialize parameters: kp = 232, β = 4.6, result = 1.0
2: Set initial condition: x = 0.1
3: n_bits← 0
4: while n_bits < 1,000,000 do
5: x ← β · x− x · |x|
6: result← kp · x
7: X ← float_to_binary(result, 16)
8: B← lsb(X, 8)
9: K ← reorder(B)

10: Append K to file binarysequence.bin

11: n_bits← n_bits + 8

In Algorithm 1, the functions float_to_binary, lsb and reorder
are used to respectively convert a real number into a 16-bit binary
sequence, extract the 8 least significant bit of a 16-bit sequence and
rearrange the element of an 8-bit binary number. Several option of
re-ordering are tested and the following re-arrangement: K(1)←
B(5); K(2) ← B(3); K(3) ← B(7); K(4) ← B(1); K(5) ← B(8);
K(6)← B(4); K(7)← B(6); K(8)← B(2); ensures good reults for
the chosen set of parameters. Fig. 5 illustrates the design flowchart
of the PQM-based PRNG.

Among the numerous possible combination, a set of parame-
ters allowing the designed PRNG to validate all NIST 800-22 test
is: kp = 232, xn(0) = 0.1, β = 4.6 and the output re-arranged as
{Key} = {X1X2X3X4X5X6X7X8}. The randomness is determined
for each test by assessing the p-value, with the significance thresh-
old set at 0.01 suggesting that the data’s randomness is evaluated
with a 99 confidence. A 1Mbit of data file containing the binary
sequence generated from PQM-based PRNG is loaded and tested.

Figure 5 Functional block diagram of the proposed PQM-based
PRNG.

The NIST evaluation results are given in Table 1.

■ Table 1 NIST Evaluation Results

Test Name P-value Result

Frequency 0.4703 Passed

Block Frequency 0.4094 Passed

Runs 0.9977 Passed

Longest Run 0.9145 Passed

Matrix Rank 0.1205 Passed

Spectral 0.7342 Passed

Non-overlapping Template Matching 0.5682 Passed

Overlapping Template Matching 0.2358 Passed

Universal 0.7965 Passed

Linear Complexity 0.0422 Passed

Serial 0.8595 Passed

Approximate Entropy 0.9048 Passed

Cumulative Sums (Cusum) 0.8110 Passed

Random Excursions 0.3607 Passed

Random Excursions Variant 0.2824 Passed

The p-values of the xn signal pass successful the fifteen statisti-
cal evaluations of NIST 800-22 as shown in Table 1. The random
signal generated from chaotic PQM can be used in applications
such as secure communication schemes and other chaos-based
applications.

CHAOS ANNIHILATION IN PQM

Section 4 is devoted to the context of chaos annihilation which is
different to the context of generating pseudorandom numbers. A
feedback controller (Wang and Wang 2008) is used to annihilate
chaos in PQM in this section. The controlled PQM can be described
by:

xn+1 = βxn − xn |xn|+ (x̂− κxn) (3)
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where κ is the feedback coefficient and x̂ stands for the fixed
points of map (1): x̂ = 0 and x̂ = ± (β− 1). By choosing to
stabilize PQM described by the map (3) at using the feedback
controller, the Jacobian matrix of map (3) at x̂ = 0 is:

J(x̂=0) = (βx− |x| − xsign (x)− κ)(x̂=0) = β− κ (4)

If |β− κ| < 1, i.e. β− 1 < κ < β + 1 , map (3) will be stabilized
at a fixed point x̂ = 0. The bifurcation diagram of map (3) and
Lyapunov exponent (LE) with respect to the feedback coefficient κ
in Fig. 6.

Figure 6 Local maxima of xn(a) and LE (b) versus the feedback
coefficient κ for β = 4.6, x̂ = 0 and the initial states: x0 = 0.1.

The controlled PQM described in map (3) exhibits reverse pe-
riod doubling to chaotic region interspersed by periodic windows,
limit cycle, Hopf bifurcation κ ≈ 3.6 and fixed point as illustrated
in Fig. 6 (a). The dynamical characteristics encountered in Fig. 6 (a)
are corroborated by its corresponding LE in Fig. 6 (b). Fig. 6 reveals
that the feedback controller can annihilate the chaos encountered
in PQM. From Fig. 6 (a), one can see that for κ = β− 1 = 3.6 map
(3) has a Hopf bifurcation, for κ > β + 1 = 5.6 map (3) is diver-
gent and for 3.6 < κ < 5.6 is stabilized at x̂ = 0 . Therefore, the
simulations results are consistent with the analytical calculations.
Furthermore, the effects of chaos annihilations in PQM using the
feedback controller are more illustrated in the time series as shown
in Fig. 7.

Figure 7 Times series of xn for specific values of κ : (a) κ = .0.05 ,
(b) κ = 1.15 , (c) κ = 1.55 and (d) κ = 3.5 . The others parameters
are β = 4.6 , x̂ = 0 and the initial states: x0 = 0.1.

The amplitude of xn exhibits chaos in Fig. 7 (a), period-2-
oscillations in Fig. 7 (b), limit cycle in Fig. 7 (c) and fixed point in
Fig. 7 (d).

CONCLUSION

This paper explored the microcontroller execution, pseudo random
number generator (PRNG) and chaos annihilation in a piecewise
quadratic map (PQM). PQM was designed by replacing the cubic
term of cubic map by absolute nonlinearity. During numerical
simulations, PQM revealed the monostable and bistable outphase
chaotic characteristics and bistable outphase periodic characteris-
tics. The numerical results encountered in PQM was confirmed
through microcontroller execution and the two results were found
to be in perfect agreement. The randomness of the PRNG was
extensively tested using the NIST 800-22 test suite, confirming the
suitability of PQM-based PRNG for applications such as secure
communication schemes and other chaos-based applications. It
was demonstrated that the analytical calculations and numerical
simulations confirmed the effectiveness of chaos annihilation in
PQM using the feedback controller.
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ABSTRACT This study investigates nonlinear and chaotic dynamics induced by fuel sloshing in a partially filled
aircraft tank. The system is modeled as a rigid aircraft pitch degree of freedom coupled with a nonlinear slosh
pendulum, representing the dominant liquid motion. Numerical simulations are used to analyze the system
response through time series and phase portraits, revealing complex dynamical behavior. Chaotic dynamics
are quantitatively confirmed using Lyapunov exponents and their parametric variation. In addition, bifurcation
analyses are performed with respect to key system parameters, illustrating transitions from periodic to chaotic
motion. The results highlight the significant impact of fuel slosh on aircraft pitch dynamics and emphasize the
importance of accounting for nonlinear fluid–structure interactions in stability analysis and control-oriented
modeling.
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INTRODUCTION

Understanding nonlinear interactions in aircraft systems is crucial
for both control performance and flight safety. One important
source of nonlinear behavior is fuel slosh, where the motion of
liquid inside partially filled tanks couples with the rigid-body
dynamics of the aircraft. This coupling can introduce additional
forces and moments that significantly alter the system response,
potentially leading to large oscillations, loss of stability, or even
chaotic motion under relatively small excitations. Recent studies
have emphasized that such nonlinearities are not merely secondary
effects but can be primary drivers of complex instability in modern
aerospace structures (Mahmoudvand et al. 2025).

Fuel sloshing dynamics are particularly relevant for large air-
craft, launch vehicles, and unmanned aerial vehicles with signifi-
cant fuel volumes. The pendulum-like motion of liquid with a free
surface can amplify pitching, rolling, or yawing oscillations and
modify the effective inertia and damping of the vehicle. Extensive
research has investigated the hydrodynamic aspects of sloshing
and its interaction with structural dynamics, highlighting its in-
fluence on stability, loads, and energy dissipation mechanisms
(Faltinsen 2005; Ibrahim 2005). Experimental and numerical stud-
ies in aerospace applications have shown that fuel slosh can alter
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dynamic responses and aeroelastic characteristics depending on
fill level, excitation frequency, and tank geometry (Constantin et al.
2022; Langlois and Kabamba 2015; Wang et al. 2021). Recent ad-
vancements in bifurcation analysis have further revealed that even
subtle changes in flight parameters can trigger abrupt transitions
in coupled fluid-structure systems (Liu and Wang 2024).

To model sloshing effects efficiently, many works have em-
ployed reduced-order mechanical analogs, such as pendulum or
mass–spring representations, to approximate liquid motion with-
out resorting to full computational fluid dynamics simulations.
These simplified models have been successfully applied in space-
craft attitude dynamics and aircraft fuel tank studies, providing
valuable insight into slosh-induced forces and moments while
maintaining analytical and computational tractability (Schlee and
Smith 2006; Savella and Ibrahim 2005; Reyhanoglu and van der
Schaft 2011). Current research continues to utilize these analogs to
develop robust control strategies capable of suppressing nonlinear
oscillations in real-time (Chen and Zhang 2025).

Despite these advances, most existing studies focus on lin-
earized behavior, stability margins, or damping characteristics.
Comparatively fewer works explicitly address the nonlinear and
chaotic dynamics that may arise from the coupling between rigid-
body motion and fuel slosh under periodic excitation. Phenom-
ena such as sensitivity to initial conditions, aperiodic oscillations,
and transitions to chaos remain insufficiently explored in coupled
pitch–slosh systems.
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Motivated by this gap, the present work investigates a nonlinear
aircraft pitch model coupled with a fuel slosh pendulum. The sys-
tem dynamics are analyzed through equilibrium analysis, Jacobian
and eigenvalue evaluation, time-series responses, phase portraits,
Lyapunov exponents and spectra, as well as bifurcation diagrams.
Parameter variations are explored to study their influence on sys-
tem stability and chaotic behavior. The results demonstrate that
fuel slosh can act as a source of strong nonlinearity capable of
inducing complex and chaotic responses, emphasizing the impor-
tance of accounting for such effects in aircraft dynamic analysis,
stability assessment, and control design.

DESCRIPTION OF THE COUPLED SYSTEM

In this study, the aircraft is modeled as a rigid body undergoing
pitch motion and coupled with a simplified fuel slosh representa-
tion. The liquid motion inside the fuel tank is approximated using
a mechanical analog in the form of a pendulum, which captures
the dominant sloshing mode associated with the free-surface mo-
tion of the fuel. This reduced-order approach allows the essential
nonlinear coupling between the aircraft pitch dynamics and the
internal fuel motion to be analyzed without resorting to full fluid
dynamic simulations.

The coupling between the aircraft and the sloshing fuel intro-
duces additional forces and moments that act on the pitching
motion, modifying the effective inertia, damping, and stiffness of
the system. Conversely, the aircraft pitch acceleration influences
the slosh dynamics, resulting in a bidirectional interaction. Such
mutual coupling is a known source of nonlinear behavior and may
lead to complex dynamic responses, including quasiperiodic and
chaotic oscillations under certain excitation conditions.

The resulting mathematical model consists of a set of nonlinear
ordinary differential equations governing the aircraft pitch angle
and rate, together with the angular displacement and velocity of
the slosh pendulum. These equations form the basis for the ana-
lytical and numerical investigations presented in the subsequent
sections.

While the single-pendulum mechanical analog effectively cap-
tures the dominant longitudinal sloshing mode and the resulting
chaotic transitions, it is acknowledged that more complex approx-
imations can provide higher-order fidelity. Advanced modeling
techniques, such as multi-pendulum arrays, hydraulic mechani-
cal models, or high-fidelity Computational Fluid Dynamics (CFD)
simulations, can capture additional slosh modes and secondary
nonlinearities arising from fluid viscosity and complex tank geome-
tries. However, for the purpose of investigating the fundamental
mechanisms of chaos and bifurcations in pitch-slosh coupling,
the reduced-order pendulum model provides a computationally
efficient and analytically tractable framework that preserves the
essential nonlinearities of the system.

Aircraft Control and Pitch Dynamics
To understand the forced pitch–actuator system analyzed in this
study, it is important to review the primary control surfaces and
their influence on aircraft motion. Figure 1 illustrates a schematic
of a generic fixed-wing aircraft, showing the elevator, rudder, and
ailerons.

Pitch and Elevator, Pitch refers to the rotation of the aircraft
about its lateral axis (nose up or nose down). The elevator, located
on the horizontal tail, is the primary control surface that com-
mands this motion. Moving the elevator up causes the nose to
rise (positive pitch), while moving it down causes the nose to drop
(negative pitch).

Figure 1 Schematic of a fixed-wing aircraft showing primary con-
trol surfaces and rotational axes: pitch (elevator), roll (ailerons),
and yaw (rudder).

Roll and Ailerons, Roll is the rotation about the longitudinal
axis of the aircraft. The ailerons, located on the trailing edge of the
wings, control roll. Deflecting one aileron up and the other down
causes the aircraft to tilt sideways, enabling banking turns.

Yaw and Rudder, Yaw is the rotation about the vertical axis,
controlling the left-right direction of the nose. The rudder, mounted
on the vertical tail fin, produces yawing moments. Moving the
rudder left or right rotates the aircraft nose in the corresponding
direction.

In this work, the forced nonlinear system models the coupling
between the aircraft pitch and the elevator dynamics under peri-
odic forcing. The pitch stiffness is characterized by a cubic nonlin-
earity, modeled as a Duffing-type oscillator. Understanding these
basic control surfaces and their associated motions is crucial for
interpreting the system’s response, including quasi-periodic and
chaotic behaviors.

The system consists of:

• A rigid aircraft with pitch degree of freedom θ, modeled with
a Duffing-type cubic nonlinear stiffness.

• A partially filled fuel tank, modeled as a pendulum mass ms
of length l and slosh damping cs.

• Nonlinear coupling between aircraft pitch acceleration and
slosh motion via coupling coefficient β.

• Optional external periodic forcing representing aerodynamic
gusts or engine vibrations.

Physical Explanation
The slosh mass acts like a pendulum whose motion is affected by
the aircraft pitch θ and, in turn, applies a nonlinear torque to the
aircraft. This coupling introduces a strong source of nonlinear-
ity through the interaction of the state variables and parameters.
Specifically, the aircraft’s longitudinal motion is defined by the
pitch angle θ and angular rate q = θ̇, while the internal liquid
dynamics are represented by the slosh pendulum angle ϕ and its
rate ψ = ϕ̇.

The system’s complexity arises from the nonlinear coupling
where the aircraft acceleration θ̈ influences the slosh motion via the
coupling coefficient β, and the resulting slosh displacement feeds
back as a corrective or perturbing torque on the pitch dynamics
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Aircraft-Fuel Slosh Coupling Dynamics

θ q = θ̇

Fuel Tank

m_s
l

φ̇

Pitch affects
slosh motionSlosh torque

affects pitch

F_g

F_i

System Parameters

θ: Aircraft pitch angle

Wings

Partially filled Fuel Tank

A pendulum inside thet ank representing sloshing fuel, with a mass at the end.

q: Pitch rate (θ̇)

φ: Slosh angle relative to tank

m_s: Equivalent slosh mass

l: Equivalent pendulum length

F_g: Gravitational force component

F_i: Inertial force from pitch accel.

Side view (x-z plane)

bidirectional coupling

φ

Figure 2 Schematic of aircraft coupled with a slosh pendulum
representing fuel motion.

through the coefficient Kc. Furthermore, the energy dissipation
in the system is governed by the aircraft’s aerodynamic damping
ratio ζ and the slosh-specific damping coefficient cs; however,
while these terms reduce total energy, they do not eliminate the
potential for complex aperiodic behavior or the onset of chaos.

Fuel Tank Dynamics

The aircraft considered in this study contains a partially filled fuel
tank, which introduces additional nonlinear effects due to fluid
motion. The tank is typically located near the center of mass of the
aircraft to minimize static stability issues; however, the dynamic
motion of the liquid can generate significant forces that affect the
airframe’s response. For modeling purposes, the tank geometry
is assumed to be rigid, possessing a rectangular or cylindrical
shape. The fuel inside this volume is allowed to move freely,
generating sloshing waves in response to both the aircraft’s linear
acceleration and rotational pitch maneuvers. In this study, the slosh
degrees of freedom are primarily restricted to the longitudinal
(nose–tail) direction, as this provides the most direct and significant
coupling with the aircraft’s pitch dynamics, whereas lateral slosh is
neglected to maintain a focused analysis on longitudinal stability.

Coupling Between Aircraft Pitch and Fuel Slosh

The motion of the fuel inside the tank interacts with the aircraft
dynamics, introducing nonlinear coupling between the pitch–
actuator system and the fluid motion. When the aircraft undergoes
a pitch maneuver, the free surface of the fuel tilts, generating ad-
ditional forces and moments that act upon the aircraft’s center of
mass. These slosh-induced forces subsequently modify the pitch
trajectory and can excite unwanted oscillations throughout the
airframe. Under specific conditions of periodic external forcing,
the recursive interaction between the aircraft pitch and the inter-
nal fuel slosh can lead to highly complex dynamics, including
quasi-periodic transitions or fully developed chaotic behavior.

FUEL SLOSH MODEL AND GOVERNING DYNAMICS

The coupled aircraft pitch and fuel-slosh dynamics are modeled as
a nonlinear four-dimensional system. The state variables are the

Pitch Command
(θcmd)

Elevator Deflection
(δe)

Aircraft Pitch Motion

(θ, q = θ̇, θ̈)

Inertial forces

Fuel Slosh Motion

(φ, φ̇, φ̈)

Slosh-Induced Forces

and Moments
(Mslosh)

FEEDBACK
COUPLING

Modified Aircraft Pitch Motion

(θmodified = θ + Δθslosh)

Figure 3 Computational framework and feedback coupling logic
between the aircraft pitch control and the nonlinear fuel slosh
dynamics.

aircraft pitch angle θ, pitch rate q, slosh displacement ϕ, and slosh
velocity ψ.

The pitch dynamics are modeled using a Duffing-type non-
linear oscillator with external harmonic excitation, a formulation
commonly adopted in vibration and chaos studies of mechanical
and aeroelastic systems (Beltrán-Carbajal and Silva-Navarro 2009).

θ̇ = q,

q̇ = −ω2
nθ + αθ3 − 2ζωnq + Kcϕ + F sin(ωt),

ϕ̇ = ψ,

ψ̇ = −ω2
s ϕ − csψ − βq̇,

(1)

where ωs is the natural frequency of the slosh pendulum and cs
is the slosh damping coefficient. In the numerical implementation,
the expression for q̇ is substituted into the ψ̇ equation to decouple
the accelerations and form an explicit state-space representation.
This substitution reveals the direct influence of the nonlinear pitch
stiffness and aerodynamic damping on the fuel slosh acceleration.

The numerical simulations are conducted using a set of dimen-
sionless parameters that represent a realistic physical configuration
of a mid-sized transport aircraft. The mass ratio between the slosh-
ing fuel and the aircraft (ms/mb), the pendulum length (l), and the
damping coefficients (ζ, cs) are selected to align with experimental
benchmarks and literature-based values for longitudinal slosh dy-
namics (Ibrahim 2005; Faltinsen and Timokha 2009). Specifically,
the use of a pendulum analog to represent the first sloshing mode
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■ Table 1 State variables and parameters synchronized with the
numerical simulation results

Symbol Meaning Value (in Code)

θ Aircraft pitch angle (rad) variable

q Pitch rate (rad/s) variable

ϕ Slosh displacement angle (rad) variable

ψ Slosh angular rate (rad/s) variable

ωn Aircraft pitch natural frequency (rad/s) 1.0

ζ Aerodynamic damping ratio 0.02

α Nonlinear pitch stiffness coefficient 1.0

ωs Slosh natural frequency (rad/s) 1.8

cs Slosh damping coefficient 0.05

β Pitch-to-slosh coupling coefficient 1.2

Kc Slosh-to-pitch coupling coefficient 0.6

F Forcing amplitude 0.4

ω Forcing frequency (rad/s) 1.1

is a well-established method validated by the experimental studies
of Ibrahim (Ibrahim 2005) and Faltinsen (Faltinsen and Timokha
2009), ensuring that the observed chaotic transitions occur within
physically meaningful operational regimes.

The specific state variables and structural parameters govern-
ing the system’s behavior are summarized in Table 1. Building
upon this framework, the term F sin(ωt) represents an external
harmonic excitation acting on the aircraft pitch dynamics. Such
periodic forcing is commonly employed to model oscillatory aero-
dynamic loads, control surface actuation, or the impact of atmo-
spheric turbulence on the longitudinal stability. The term F sin(ωt)
represents an external harmonic excitation acting on the aircraft
pitch dynamics. Such periodic forcing is commonly employed to
model oscillatory aerodynamic loads, control surface actuation,
or base excitation of fuel tanks. Sinusoidal excitation is widely
used in nonlinear slosh–structure interaction and aircraft dynam-
ics studies, as it provides a bounded and analytically tractable
input that facilitates the investigation of nonlinear resonance, bi-
furcations, and chaotic responses (Nayfeh and Mook 1979; Ibrahim
2005; Faltinsen and Timokha 2009). While other forms of excitation
may be considered, harmonic forcing serves as a canonical baseline
for nonlinear dynamic analysis.

The initial conditions of the system are:

θ0 = 0.05, q0 = 0, ϕ0 = 0.02, ψ0 = 0.

Equilibrium States and Stability Analysis

Equilibrium points of the coupled aircraft–fuel slosh system are
obtained by setting all time derivatives equal to zero. The state
vector is defined as

x = [θ, q, ϕ, ψ]T ,

where θ is the aircraft pitch angle, q = θ̇ is the pitch rate, ϕ is the
slosh pendulum angle, and ψ = ϕ̇ is its angular rate.

For equilibrium analysis, the autonomous form of the system
is considered by neglecting the external forcing term (F = 0). An
equilibrium state x∗ therefore satisfies

θ̇ = q̇ = ϕ̇ = ψ̇ = 0.

From Eqs. (1), these conditions immediately yield

q∗ = 0, ψ∗ = 0.

The remaining equilibrium conditions are obtained from the
pitch and slosh acceleration equations, which reduce to the coupled
algebraic system

−ω2
nθ∗ + α(θ∗)3 − Kcϕ∗ = 0,

−ω2
s ϕ∗ − βθ∗ = 0.

(2)

Besides the trivial equilibrium at the origin (θ∗, ϕ∗) = (0, 0), the
nonlinear term αθ3 allows for the existence of nonzero equilibrium
solutions. Solving Eq. (2) yields two symmetric equilibrium points
of the form

θ∗ = ±θe, ϕ∗ = ∓ϕe,

where θe > 0 and ϕe > 0 denote the magnitudes of the equilibrium
pitch angle and slosh angle, respectively. Note that the slosh angle
ϕ∗ has an opposite sign to θ∗ due to the coupling term.

Consequently, the system admits two symmetric nontrivial
equilibrium points given by

E± = (±θe, 0, ∓ϕe, 0).

For the parameters listed in Table 1 (specifically β = 1.2), the
equilibrium points are computed numerically as:

E± = (±0.8819, 0,∓0.3266, 0)

To investigate the local stability of the equilibrium points, the
system is linearized about an equilibrium state x∗. The Jacobian
matrix J must account for the nonlinear pitch stiffness and the
algebraic substitution of q̇ into the slosh acceleration equation:

J =



0 1 0 0

−ω2
n + 3α(θ∗)2 −2ζωn Kc 0

0 0 0 1

−β(−ω2
n + 3α(θ∗)2) 2βζωn −ω2

s − βKc −cs


.

Evaluating the Jacobian at the nontrivial equilibrium E+ =
(0.8819, 0,−0.3266, 0) using the parameters from the numerical
simulation (β = 1.2, ζ = 0.02) yields:

J(E+) =



0 1.0000 0 0

1.3333 −0.0400 0.6000 0

0 0 0 1.0000

−1.6000 0.0480 −3.9600 −0.0500


.

The local stability of the equilibrium points is determined by
the eigenvalues of the Jacobian matrix. These eigenvalues satisfy

det(λI − J) = 0.
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If all eigenvalues have negative real parts, the equilibrium is
locally asymptotically stable. The presence of eigenvalues with
positive real parts indicates instability, while complex conjugate
pairs correspond to oscillatory behavior.

For the uncoupled case (Kc = β = 0), the eigenvalues separate
into aircraft and slosh modes:

λ1,2 = −ζωn ± iωn

√
1 − ζ2, λ3,4 = − cs

2
± i

√
ω2

s −
c2

s
4

.

When coupling is introduced, these modes interact, potentially
leading to instability or complex energy exchange. For the param-
eters used in the numerical simulation (β = 1.2, ζ = 0.02), the
eigenvalues of the Jacobian at E+ are:

λ1,2 = −0.0125 ± 2.043i, λ3,4 = −0.0325 ± 0.665i

The negative real parts indicate that the equilibrium points are
locally asymptotically stable foci. However, the proximity of the
real parts to zero suggests a weakly dissipative regime. In this
state, the system is highly susceptible to the stretching and folding
mechanisms induced by the periodic forcing (F = 0.4), facilitating
the transition to the chaotic behavior observed in the subsequent
phase space analysis. The divergence of the vector field f(x) pro-
vides insight into whether the system is volume-contracting or
expanding in phase space. For the state vector x = [θ, q, ϕ, ψ]T , the
divergence is defined as the trace of the Jacobian matrix:

∇ · f = tr(J) =
∂θ̇

∂θ
+

∂q̇
∂q

+
∂ϕ̇

∂ϕ
+

∂ψ̇

∂ψ
.

For the coupled aircraft–fuel slosh system, the diagonal ele-
ments of the Jacobian yield:

∇ · f = −2ζωn − cs,

where ζ is the aerodynamic pitch damping and cs is the slosh
damping coefficient. Note that the coupling coefficient β does
not appear in the divergence expression as it is associated with
cross-derivative terms.

Since all damping coefficients are positive, the divergence is
strictly negative:

∇ · f < 0.

This indicates that the system is dissipative, meaning the phase-
space volume contracts over time at an exponential rate. Dissi-
pativity is a necessary condition for the existence of strange at-
tractors. Using the parameters from the numerical simulation
(ζ = 0.02, ωn = 1.0, cs = 0.05), the divergence is computed as:

∇ · f = −0.09.

This confirms that while the system exhibits chaotic motion, it
remains bounded within a specific region of the phase space due
to constant energy dissipation.

Chaotic Dynamics and Sensitivity Analysis
Figure 4 illustrates the time evolution of the complete state vector
x = [θ, q, ϕ, ψ]T for the parameter set (ζ = 0.02, β = 1.2). The
trajectories exhibit the irregular, non-repeating oscillations charac-
teristic of a chaotic system.

The first two subplots represent the aircraft pitch dynamics (θ
and q), while the bottom two subplots display the internal slosh dy-
namics (ϕ and its rate ψ). The low aerodynamic damping (ζ = 0.02)
prevents the system from settling into a simple periodic orbit. In-
stead, the interaction between the nonlinear pitch stiffness and

the high-momentum slosh coupling (β = 1.2) results in aperiodic
switching between the regions surrounding the nontrivial equilib-
rium points.

Figure 4 Time series of the four state variables showing chaotic
oscillations.

The coupling between aircraft pitch (θ, q) and slosh dynam-
ics (ϕ, ψ) leads to sensitive dependence on initial conditions and
complex switching behavior.

Phase portraits provide insight into the nonlinear interactions
between aircraft pitch dynamics and fuel slosh motion. To fully
characterize the system behavior, all possible two-dimensional
projections of the four-dimensional state space (θ, q, ϕ, ψ) are pre-
sented.

(a) θ–q (b) ϕ–ψ (c) θ–ϕ

(d) θ–ψ (e) q–ϕ (f) q–ψ

Figure 5 Complete set of phase portraits in square format illus-
trating the nonlinear coupling between aircraft pitch and fuel
slosh.

The phase portraits in Figure 5 reveal the topological structure
of the system’s strange attractor. The θ–q projection (Fig. 5a) shows
the aircraft’s pitch energy distribution, where the trajectory orbits
the two stable foci E± before intermittently crossing the saddle
region near the origin. This "butterfly-like" structure is a hallmark
of Duffing-type chaos.

The coupling between the subsystems is most evident in the
cross-state projections such as θ–ϕ (Fig. 5c) and q–ψ (Fig. 5f). The
high correlation between pitch and slosh states, driven by the
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coupling coefficient β = 1.2, indicates that the fuel motion is not
merely a perturbation but a fundamental driver of the system’s
aperiodic behavior. The lack of closed loops or isolated points
confirms that the system has not settled into a limit cycle or a
quasi-periodic torus, but has instead evolved into a fully developed
chaotic state.

A fundamental characteristic of chaotic systems is sensitive
dependence on initial conditions, often referred to as the "butterfly
effect." To illustrate this property, two trajectories are numerically
integrated starting from nearly identical initial states. The first
trajectory starts at the initial condition:

x1(0) = [0.05, 0, 0.2, 0]T

The second trajectory is initiated with a small perturbation δ =
10−6 applied to the pitch angle θ, resulting in the starting point:

x2(0) = [0.05 + 10−6, 0, 0.2, 0]T

Let x1(t) and x2(t) denote the resulting time evolutions. The
Euclidean distance between them in the four-dimensional state
space is defined as d(t) = ∥x1(t)− x2(t)∥. For chaotic dynamics,
this distance is expected to grow exponentially as d(t) ≈ d(0)eλt,
where λ is the largest Lyapunov exponent.

Figure 6 shows the time evolution of the pitch angle θ(t) for
these two trajectories. While they remain indistinguishable for the
first few cycles, the small initial difference of 10−6 rad eventually
leads to a complete divergence of the paths, confirming that long-
term prediction is impossible despite the deterministic nature of
the model.

Figure 6 Time series of θ(t) for two trajectories starting at
x1(0) = [0.05, 0, 0.2, 0]T and x2(0) = [0.05 + 10−6, 0, 0.2, 0]T .
The divergence illustrates the high sensitivity caused by the non-
linear pitch-slosh coupling.

Quantifying Chaos and Bifurcation Transitions
To quantify the chaotic behavior in the coupled aircraft–fuel slosh
system, we compute the full spectrum of Lyapunov exponents
{λ1, λ2, λ3, λ4}. These exponents measure the long-term average
rates of exponential divergence or convergence of nearby trajecto-
ries in the four-dimensional phase space.

The Lyapunov spectrum is computed numerically using the
standard algorithm of Benettin et al., which involves integrating
the nonlinear equations alongside the linearized variational equa-
tions and periodically applying the Gram–Schmidt reorthonormal-
ization procedure to prevent numerical overflow and alignment of
tangent vectors.

For the parameter set (ζ = 0.02, β = 1.2, F = 0.4, ω = 1.1), the
converged Lyapunov exponents are approximately:

λ1 ≈ 0.115, λ2 ≈ 0.000, λ3 ≈ −0.042, λ4 ≈ −0.163.

The presence of a clearly positive exponent (λ1 > 0) provides
definitive mathematical proof of chaos in the aircraft’s pitch-slosh
dynamics. The second exponent λ2 is approximately zero, which is
expected for a continuous-time autonomous system or a forced sys-
tem where one exponent corresponds to the phase of the external
periodic drive.

a crucial verification of the numerical accuracy is that the sum
of the Lyapunov spectrum must equal the divergence of the vector
field calculated in Section 3.7:

4

∑
i=1

λi = ∇ · f = −2ζωn − cs = −0.09.

The small negative sum confirms that while the system is chaotic
(expanding in one direction), it remains globally dissipative and
volume-contracting, causing trajectories to settle onto a strange
attractor of fractal dimension.

The geometric complexity of the chaotic attractor can be quanti-
fied using the Lyapunov (Kaplan–Yorke) dimension DL, computed
from the Lyapunov spectrum. This dimension provides a measure
of the "strangeness" of the attractor and its degree of space-filling
in the four-dimensional phase space:

DL = j +
∑

j
i=1 λi

|λj+1|
,

where j is the largest index such that the sum of the first j
exponents remains positive.

For the coupled system with high coupling (β = 1.2) and low
damping (ζ = 0.02), the Lyapunov spectrum (λ1, λ2, λ3, λ4) =
(0.115, 0,−0.042,−0.163) leads to j = 3, as ∑3

i=1 λi = 0.073 > 0.
The dimension is then calculated as:

DL = 3 +
0.073

| − 0.163| ≈ 3.45.

This non-integer value (DL ≈ 3.45) confirms that the attractor
possesses a complex fractal structure. The fact that the dimension
exceeds 3.0 indicates that the chaotic motion is not confined to a
simple surface but spans multiple degrees of freedom, reflecting
the strong nonlinear interaction between the aircraft’s longitudinal
pitch and the fuel’s internal slosh dynamics.

To further analyze the robustness of chaotic behavior, the full
Lyapunov spectrum {λ1, λ2, λ3, λ4} is evaluated as a function of
key system parameters. The forcing amplitude F, damping ratio ζ,
coupling coefficient Kc, and slosh natural frequency ωs are varied
independently while all other parameters are held constant.

The parametric studies in Figure 7 demonstrate that chaotic
dynamics are sensitive to the balance of energy dissipation and
nonlinear coupling.

In Figure 7a, the largest exponent λ1 transitions to positive
values as the forcing amplitude F increases, confirming that the ex-
ternal energy input is sufficient to overcome the system’s inherent
dissipation. Figure 7b illustrates that increasing the aerodynamic
damping ζ increases the phase-space contraction rate, eventually
forcing the collapse of the strange attractor into a periodic limit
cycle (λ1 → 0).

The interaction effects are most nuanced in Figure 7c and Fig-
ure 7d. While increasing the coupling coefficient Kc initially facili-
tates the nonlinear energy exchange required for chaos, excessive
coupling can lead to synchronization, potentially stabilizing the
system into a high-amplitude periodic regime. Furthermore, the
variation of the slosh natural frequency ωs in Figure 7d shows that
the chaotic intensity is maximized not at pure resonance, but in the
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(a) λi vs forcing amplitude F (b) λi vs damping ratio ζ

(c) λi vs coupling coefficient Kc (d) λi vs slosh frequency ωs

Figure 7 Variation of the Lyapunov spectrum with respect to
key system parameters. The persistence of a positive largest
Lyapunov exponent over wide parameter ranges confirms robust
chaotic dynamics in the fuel-slosh coupled aircraft system.

regions of frequency competition between the aircraft’s pitch mode
and the fuel’s slosh mode, where the system exhibits maximum
sensitivity to the harmonic drive.

To further investigate the onset of complex and chaotic dynam-
ics in the fuel–sloshing aircraft system, a bifurcation analysis is
conducted. Bifurcation diagrams illustrate how the long-term be-
havior of the system changes as selected control parameters are
varied, revealing transitions between periodic, quasi-periodic, and
chaotic regimes.

In this study, four key parameters are chosen for bifurcation
analysis: the forcing amplitude F, the forcing frequency ω, the
slosh–pitch coupling coefficient Kc, and the slosh damping coef-
ficient cs. For each parameter value, the system is numerically
integrated over a sufficiently long time interval to eliminate tran-
sient effects. The steady-state response is then characterized by
recording the local maxima of the pitch angle θ(t), which are plot-
ted as a function of the corresponding parameter.

Figure 8 presents the bifurcation diagrams obtained for each pa-
rameter. For small parameter values, the system typically exhibits
simple periodic motion, represented by a single branch. As the
parameters increase, period-doubling and multi-branch solutions
appear, eventually giving rise to dense point distributions that
are indicative of chaotic behavior. These transitions are consistent
with the Lyapunov spectrum results, where positive Lyapunov
exponents were observed in the same parameter regions.

The bifurcation diagrams in Figure 8 provide a global view of
the system’s sensitivity to structural and environmental parame-
ters.

In Figure 8a, a classic period-doubling cascade is observed as
the forcing amplitude F increases beyond F ≈ 0.25. The emergence
of a strange attractor is marked by the sudden transition from
discrete branches to a dense cloud of points. Interestingly, Figure 8c
shows that for very low coupling Kc, the aircraft maintains a stable
limit cycle; however, once the slosh-to-pitch coupling crosses a
threshold, the system enters a regime of high-amplitude chaotic
"pitch-slap" oscillations.

The frequency response in Figure 8b reveals complex resonance
structures. The presence of periodic windows within the chaotic re-
gions, represented by vertical "gaps" of thin lines, indicates that the
aircraft may briefly return to predictable behavior at specific forc-
ing frequencies, a phenomenon critical for avoiding catastrophic
loss of control during rhythmic aerodynamic gusts.

(a) Bifurcation diagram with
forcing amplitude F as the con-
trol parameter.

(b) Bifurcation diagram with
forcing frequency ω as the con-
trol parameter.

(c) Bifurcation diagram with
coupling coefficient Kc as the
control parameter.

(d) Bifurcation diagram with
slosh damping coefficient cs as
the control parameter.

Figure 8 Bifurcation diagrams of the pitch angle θ for different
control parameters. The transition from periodic to chaotic be-
havior is observed through the emergence of multiple branches
and dense point distributions.

CONCLUSION

This work has examined the nonlinear dynamics of an aircraft
pitch system coupled with fuel sloshing in a partially filled tank.
By modeling the liquid motion as a nonlinear slosh pendulum, the
coupled system captures essential fluid, structure interactions that
significantly influence the overall aircraft response.

Numerical simulations demonstrate that the system exhibits a
wide range of dynamical behaviors, including periodic oscillations
and fully developed chaos. Chaotic dynamics are rigorously con-
firmed through the computation of the full Lyapunov spectrum,
where a positive largest exponent (λ1 > 0) indicates exponential
divergence of nearby trajectories. The calculation of the Kaplan–
Yorke dimension (DL ≈ 3.45) reveals a complex, high-dimensional
strange attractor, while the negative trace of the Jacobian confirms
the system remains globally dissipative. Furthermore, the consis-
tency between our numerical results and established experimental
benchmarks in the literature strengthens the validity of the pre-
dicted chaotic regimes.

Bifurcation analyses provide additional insight into the routes
to chaos, showing qualitative transitions such as period-doubling
cascades as control parameters are varied. These findings demon-
strate that the aircraft’s stability is highly sensitive to the detuning
between the slosh natural frequency and aerodynamic forcing. The
results presented in this study demonstrate that fuel sloshing can
play a critical role in inducing complex and potentially undesir-
able dynamics in aircraft pitch motion. These findings underscore
the necessity of incorporating nonlinear slosh effects in aircraft
stability assessment and the design of robust control strategies.
Neglecting these nonlinearities may lead to an underestimation of
the risk for limit cycle oscillations or chaotic instabilities during
high-maneuverability flight or severe aerodynamic gusts.
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Dynamics, Stability, and Bifurcation in Discrete-Time
Predator-Prey Model
Ansar Abbas ID ∗,1 and Abdul Khaliq ID ∗,2

∗Department of Mathematics, Riphah International University, Lahore Campus, Pakistan.

ABSTRACT A discrete-time three-species food chain model is presented in this paper, focusing on bifurcation
dynamics and chaos control. The transcritical and Neimark-Sacker bifurcations at distinct equilibrium points
under specific parameter conditions are revealed by bifurcation and stability theory. Stabilizing chaotic
dynamics is achieved using the Ott-Grebogi-Yorke (OGY) method. The dynamical behavior of the model is
investigated by comparing phase portraits and time series across varying initial conditions. An assessment of
stability is made, a topological classification is performed, and attractors are identified. Lyapunov exponent
analysis also provides a deeper understanding of the system’s complex behavior. In food chain models
based on population, numerical simulations verify theoretical results by revealing the complex interplay among
bifurcations, chaos, and control mechanisms.

KEYWORDS

Modeling FCM
Bifurcation
Topological clas-
sification
Chaos control
Maximum lya-
punov exponent
Time series

INTRODUCTION

Ecosystems include predator-prey interactions, including preda-
tion and prey hunting. Numerous scholars have criticized the
predator-prey model since Voltera and Lotka brought it into exis-
tence in the late 19th century (May 1974; Skalski and Gilliam 2001;
Alarifi 2012). A deeper understanding of the original model is
being conducted by scholars in order to make it more practical. It
takes several factors into consideration, such as the time delay, the
functional response, diffusion, etc. System stability and persistence
have been demonstrated to be associated with positive periodic
solutions. The Lotka-Voltera model describes the interactions be-
tween predators and prey. Lotka and Voltera developed the model
independently in (Lotka 1925; Volterra 1962). The Hastings and
Powell food chain model with three species is applied in (Khan
et al. 2015) to harvest their control strategy for chaotic population
growth.

dx1
dt̃ = Rx1(1 − x1

K )− c̃1 f̃11(x1)x2

dx2
dt̃ = f̃11(x1)x2 − f̃12(x2)x3 − d̃1(x2)

dx3
dt̃ = c̃2 f̃12(x2)x3 − d̃2(x3)


(1)
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where f̃1 j(Ṽ) =
m̃jṼ

ñj+Ṽ , j = 1, 2.

Various behaviors are included in this model, including steady
state, limit cycle, period-2, and period-4. Threshold harvesting is
incredibly helpful in conserving species and managing fisheries
efficiently. Panday et al. (2018) proposes a three-species FCM in
which capital costs of top predators suppress middle predators’
growth rates, while middle predators’ capital costs suppress prey
growth rates.

dx̃1
dt = R̃1 x̃1(1 − x̃1

K )− m̃1 Ã1 x̃1 x̃2
B̃1+x̃1

dx̃2
dt = Ã1 x̃1 x̃2

B̃1+x̃1
− Ã2 x̃2 x̃3

B̃2+x̃2
− d1 x̃2

dx̃3
dt = m̃2 Ã2 x̃2 x̃3

B̃2+x̃1
− d2 x̃3


(2)

Chaotic conditions are investigated by using a Poincare section
and the MLE in the system (2).

A positive correlation exists between population density and
individual fitness in population biology, the Allee effect. A simula-
tion of the Allee effect is provided in (Parshad et al. 2016). Based
on their study, the following systems are globally attractive:
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∂ũ
∂t̃ = c1 ∆ũ + ũ − ũ2 − b1

ũṽ
ũ+ṽ

∂ṽ
∂t̃ = c2 ∆ṽ − d2ṽ + b2

ũṽ
ũ+ṽ − b3

ṽr̃
ṽ+r̃

∂r̃
∂t̃ = c3 ∆r̃ + r̃ (r̃ − m̃)(k − b4 r̃

ṽ+c3
)


(3)

A considerable amount of research has been conducted on con-
tinuous models. Some species, especially those that grow rapidly,
are better modeled as discrete populations for a variety of reasons.
Species like these can be small and have short life cycles, as well
as having no crossing between sexes. In comparison with continu-
ous models, discrete-time models analyze dynamic behavior more
effectively. Changes in parameters may cause a discrete system to
exhibit more bifurcation and other dynamic behavior. Computer
simulations and chaos control strategies are more effective with a
discrete model.

The dynamic performance of discrete ecosystems has attracted
more and more research attention in recent years (Ivanchikov and
Nedorezov 2012; Baydemir et al. 2020; Jiang et al. 2020; Zhang et al.
2010). An integrative model of predator-prey interactions with
parasites is discussed in (Selvam et al. 2020).

sn+1 = sn + c [sn(1 − sn
a )− sn(sn + vv)− b snvn]

tn+1 = tn + c [ b Θ
k snvn − htn − Θtn(un + vv)]

un+1 = un + c [snun − tnun − eun]

vn+1 = vn + c [tnun − (e + d)vn]


(4)

The system (4) exhibits Neimark-Sacker bifurcation when the
fixed point is positive. Dynamic chaos occurs when bifurcation
parameters change. System chaotic motion is controlled by hybrid
control methods.

A new chaos control strategy was proposed by (Ott et al. 1990).
The method doesn’t involve using existing dynamic control strate-
gies or destroying the conditions that cause chaotic motion. In
Romeiras et al. (1992) improve it even further. Time-delayed feed-
back control was introduced by Lithuanian physicist (Pyragas
1992). Research on chaos control and synchronization exploded
over the next ten years, making it a hot spot in chaos. It has been
proposed that linear state feedback control Holyst and Urbanowicz
(2000) can be categorized into three types: sliding mode control
(Chen and Chen 2007), adaptive Lyapunov control (Alasty and
Salarieh 2007) and bioeconomic optimal control and bioeconomic
optimal control (Chakraborty and Kar 2012) for predator-prey sta-
bility. A growing interest has been developed in studying chaos
control in biological systems. A few authors have pointed out in
(Din 2017; Abbas and Khaliq 2023; Gomes et al. 2006) that these
chaos control methods have a nontrivial evolutionary significance.
A control can also be modified by changing its properties or its
fixed point. Chaos control in OGY utilizes small changes in param-
eters in real-time in order to maintain the original characteristics.
Using the OGY approach, Feng (2020a,b) tested the Hassell and
Ricker-type recruitment model. Both chaos and chaos control
have been studied a lot. Research results in Vaseghi et al. (2017);
Mobayen et al. (2018); Vaseghi et al. (2020) have been really valu-
able.

Continuous-time systems are discretized using Euler’s method.
This study investigates Transcritical and Neimark-Sacker bifur-
cations and controls the system with the OGY method. Recent

studies Znegui et al. (2020a,b, 2021) have applied Poincare maps
with analytical expressions to control chaos. The OGY method has
enabled chaos computation (Pyragas 1995; Paine 1966).

In this work, the predator species impacts the prey’s growth,
leading to chaotic dynamics when α = 2.85, β = 3.14, and ρ =
2.54. The focus is on controlling these chaotic behaviors, with
instabilities observed at period-1 orbits. The relationship between
control adjustments and timing is explored in model (5).

Figure 1 Dynamics of prey, predator, and top predator popu-
lations. Ecological interactions in Map (5) include predation
(single dashed arrow), competition (double arrows), and repro-
duction (closed loops).

The paper is structured to systematically explore the dynam-
ics and control of system (5). Section- Modeling Equilibrium and
Dynamics provides a comprehensive topological classification of
the system’s equilibrium points, including the identification of
fixed points and an analysis of their stability through linearization
and eigenvalue evaluation. Section -Transcritical Bifurcation Analy-
sis at EP2 examines the transcritical bifurcation at EP2, highlight-
ing local qualitative shifts in system dynamics. Section -Analyze
Neimark-Sacker Bifurcation at EP5 presents the Neimark-Sacker bi-
furcation, establishing a rigorous theoretical framework and iden-
tifying the bifurcation parameters that govern the emergence of
quasi-periodic dynamics.

Section -Numerical Analysis is dedicated to numerical simula-
tions, which elucidate a variety of complex phenomena, including
chaotic attractors, bifurcation diagrams, and the calculation of the
maximum Lyapunov exponent. This section further provides a
comparative analysis of phase portraits and time series under di-
verse initial conditions and parameter regimes, with the results
systematically summarized in Tables 3 and 4. These findings re-
veal transitions among stable periodic orbits,quasi-periodic orbits,
chaotic attractors, and stable limit cycles. In Section -Stabilizing
Three-Species Interactions, the Ott-Grebogi-Yorke (OGY) control
method is employed to stabilize an unstable fixed point, underscor-
ing the practical applicability of chaos control strategies. Finally,
Section -Conclusion concludes the paper by synthesizing the princi-
pal results and outlining prospective directions for future research.

MODELING EQUILIBRIUM AND DYNAMICS

Based on the three-species food chain in Figure 1, the following
nonlinear difference equation model is developed:

        Computer Science 27




xn+1

yn+1

zn+1

 = T


xn

yn

zn

 ,

where

T(x, y, z) =


αx(1 − x)− βxy

γxy(x − z)

ρyz

 . (5)

This model represents three distinct insect species. The system
involves four positive parameters: α, β, γ, and ρ. The biological
interpretation of these parameters is summarized in Table 1.

■ Table 1 Biological Meaning of Parameters

Param. Meaning Interpretation

α Growth rate of
prey x

Reproduction rate of species x
without predators, limited by
resources.

β Predation rate of
y on x

How strongly predator y feeds
on prey x.

γ Conversion effi-
ciency

How effectively y converts
consumed x into its own
growth.

ρ Predation of z on
y

Impact of predator z feeding
on y for its growth.

Furthermore, when there are no predators, the prey species
grow naturally and reproduce on their own. However, when prey
are hunted by predators (y), their reproduction decreases. It’s
important to understand that the term γ refers to the growth of
predators (x) due to their consumption of prey species (y), and
similarly for the prey. When predator (z) eats species (y), it leads
to a growth rate ρ for predator (z). The hypothesis also suggests
that species (y) and (z) interfere with species (x), but species (y) is
mainly responsible for the higher reproduction rate of species (z).
For determining the equilibrium and dynamic of a system, we can
use the equation (5) as follows:

f1(x, y, z) = x

f2(x, y, z) = y

f3(x, y, z) = z


(6)

where, f1 = α x(1 − x)− β x y, f2 = γ xy(x − z), f3 = ρ y z.
Here are five equilibrium points found in Equation (5):

EP1 = (0, 0, 0)

EP2 = ( α−1
α , 0, 0)

EP3 = (− 1√
γ ,

−1+α+ α√
γ

β , 0)

EP4 = ( 1√
γ ,

−1+α+ α√
γ

β , 0)

EP5 = (
−β−ρ+αρ

αρ , 1
ρ , −β2γ−2βγρ+αβγρ+α2ρ2−γρ2+2αγρ2

αγρ(β+ρ−αρ)
)


(7)

Equation (5) has an equilibrium point defined as EPj(j =
1, ..., 5). To analyze linear stability, construct a Taylor series from
equation (5):


xj+1

yj+1

zj+1

 =


∂ f1
∂x̃

∂ f1
∂ỹ

∂ f1
∂z̃

∂ f2
∂x̃

∂ f2
∂ỹ

∂ f2
∂z̃

∂ f3
∂x̃

∂ f3
∂ỹ

∂ f3
∂z̃


(p∗,ȳ,z̄)


xt

yt

zt



Equations (8) and (9) provide the following results:

∂ f1
∂x

∣∣∣∣
EPj

= (1 − x̌)α − x̌α − y̌β,

∂ f1
∂y

∣∣∣∣
EPj

= −β x̌,
∂ f1
∂z

∣∣∣∣
EPj

= 0,

∂ f2
∂x

∣∣∣∣
EPj

= x̌y̌γ + y̌(x̌ − ž)γ,

∂ f2
∂y

∣∣∣∣
EPj

= x̌(x̌ − ž)γ,

∂ f2
∂z

∣∣∣∣
EPj

= −x̌y̌γ,

∂ f3
∂x

∣∣∣∣
EPj

= 0,

∂ f3
∂y

∣∣∣∣
EPj

= ρ ž,
∂ f3
∂z

∣∣∣∣
EPj

= ρ y̌.

Consider the matrix:

J =


u11 u12 u13

u21 u22 u23

u31 u32 u33


u11 =

∂ f1
∂x |EPj , u12 =

∂ f1
∂y |EPj , u13 =

∂ f1
∂z |EPj

u21 =
∂ f2
∂x |EPj , u22 =

∂ f2
∂y |EPj , u23 =

∂ f2
∂z |EPj

u31 =
∂ f3
∂x |EPj , u32 =

∂ f3
∂y |EPj , u33 =

∂ f3
∂z |EPj

The characteristic equation is:
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det


u11 − ς u12 u13

u21 u22 − ς u23

u31 u32 u33 − ς

 = 0

The following could be substituted for it:

ς3 + m1ς2 + m2ς + m3 = 0

where

m1 = −(u11 + u22 + u33),

m2 = u11u22 − u12u21 + u11u33 − u13u31 + u22u33 − u23u32,

m3 = −u11u22u33 + u11u23u32 + u12u21u33

− u12u23u31 − u13u21u32 + u13u22u31.

Definition 1. (Guckenheimer and Holmes 1983; Strogatz 2015):
Let an equilibrium point of a three-dimensional system have eigen-
values λ1, λ2, and λ3. Its local stability is defined as follows:

i. Stable: All eigenvalues have negative real parts, Re(λ1) < 0,
Re(λ2) < 0, and Re(λ3) < 0, so trajectories approach the
equilibrium.

ii. Source: At least one eigenvalue has a positive real part,
Re(λi) > 0 for some i ∈ {1, 2, 3}, making the equilibrium
locally unstable.

iii. Unstable spiral: Complex eigenvalues with positive real parts
cause trajectories to spiral away from the equilibrium.

iv. Saddle point: Eigenvalues have mixed signs of real parts; some
positive and some negative, resulting in stability along certain
directions and instability along others.

v. Non-hyperbolic: Any eigenvalue has zero real part, so lineariza-
tion alone is insufficient to determine stability.

To determine the types of the five equilibrium points, we can
compute their eigenvalues by using parameter values of α = 2.85,
β = 3.14, ρ = 2.54 and γ=6.85.

(i) The eigenvalues of EP1 indicate that it is a source point:

Λ11 = 2.85, Λ12 = Λ13 = 0.

(ii) The equilibrium point EP2 is a saddle point, since

Λ21 = 2.88632, Λ22 = −0.85, Λ23 = 0.

(iii) The point EP3 is an unstable spiral (source) with eigenvalues

Λ31 = 1.54446 + 2.3625ι,

Λ32 = 1.54446 − 2.3625ι,

Λ33 = 2.37735.

(iv) The equilibrium point EP4 exhibits unstable spiral (source)
behavior:

Λ41 = 0.455535 − 1.10711ι,

Λ42 = 0.455535 + 1.10711ι,

Λ43 = 0.615643.

(v) The eigenvalues at EP5 show that it is an unstable point:

Λ51 = 1.33214,

Λ52 = 0.527041 + 1.01841ι,

Λ53 = 0.527041 − 1.01841ι.
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(a) Topological classification of EP5
for (α, β) at γ = 6.85, ρ = 2.54,
α ∈ [0, 5], β ∈ [0, 5].
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(b) Topological classification of EP5
for (α, ρ) at γ = 6.85, β = 3.14,
α ∈ [0, 5], ρ ∈ [0, 5].

Figure 2 Topological classification of EP5 under different parame-
ter planes.

(a) Topological classification of EP4
for (α, β) at γ = 6.85, ρ = 2.54,
α ∈ [0, 5], β ∈ [0, 5].
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(b) Topological classification of EP4
for (α, ρ) at γ = 6.85, β = 3.14,
α ∈ [0, 5], ρ ∈ [0, 5].

Figure 3 Topological classification of EP4 under different parame-
ter planes.

Based on the topological classification of EP4 and EP5, Figures
(2a, 2b, 3a, 3b) illustrate their distinct characteristics of stabil-
ity and dynamics within the system (5). A detailed equilibrium
analysis is used to make recommendations for improving system
performance in (Alarifi 2012). In a parametric analysis, the five
equilibrium states (EP1, EP2, EP3, EP4, EP5) are determined to be
stable or unstable. The goal of our analysis is to examine the dy-
namics of the system’s interactions based on its predation intensity.
Dynamic behavior is influenced by the parameter γ in this system.
Variations in the parameters α, β, γ, and ρ are performed to study
the system’s response in detail.
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TRANSCRITICAL BIFURCATION ANALYSIS AT EP2

At EP2 =
(

x∗ = α−1
α , 0, 0

)
, the bifurcation indicator is λ2 =

γ(x∗)2. For α = 2.85:

x∗ =
1.85
2.85

≈ 0.6491, (x∗)2 ≈ 0.4213

Thus, λ2 = γ · 0.4213. The bifurcation occurs at λ2 = 1:

γc =
1

0.4213
≈ 2.374

■ Table 2 Values of λ2 at EP2 for varying γ, showing the flip
bifurcation at γ = 2.374.

γ x∗ (x∗)2 λ2 = γ(x∗)2 Remark

1.0 0.6491 0.4213 0.4213 Stable

1.5 0.6491 0.4213 0.6320 Stable

2.0 0.6491 0.4213 0.8426 Approaching bifurcation

2.374 0.6491 0.4213 1.0000 Bifurcation occurs

3.0 0.6491 0.4213 1.2638 Unstable

4.0 0.6491 0.4213 1.6852 Strongly unstable

5.0 0.6491 0.4213 2.1065 Strongly unstable

A transcritical bifurcation occurs at γc ≈ 2.374. For γ < γc,
y∗ = 0 is stable; for γ > γc, y∗ > 0 invades and EP2 loses stability.
See Fig. 4.
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Figure 4 Bifurcation diagram of λ2 vs γ at EP2.

ANALYZE NEIMARK-SACKER BIFURCATION AT EP5

When a key system parameter reaches a critical value, the Neimark-
Sacker bifurcation occurs, leading to a shift from stability to the
emergence of periodic orbits. In our study, we consider the in-
teraction strength γ between species x and y as the bifurcation
parameter to induce and analyze this bifurcation. We investigate
the local behavior around the unstable equilibrium point, specifi-
cally to substantiate the presence of the NS bifurcation at EP5.

The characteristic equation at

EP5 =

(
−β − ρ + αρ

αρ
,

1
ρ

,
−β2γ − 2βγρ + αβγρ + α2ρ2 − γρ2 + 2αγρ2

αγρ(β + ρ − αρ)

)
is

λ3 + m1λ2 + m2λ + m3 = 0.

where

m1 = −(α + γ + ρ),

m2 = αγ + αρ + γρ + β,

m3 = −αβγ − αβρ − αγρ − βρ − ρ2.


EP5 is local asymptotically stable if m1, m2 and m3 satisfy the

Hurwitz (1895) stability criteria, i.e., m1 > 0, m3 > 0 and m1m2 −
m3 > 0.

Theorem: The system exhibits a Neimark-Sacker (NS) bifurca-
tion at equilibrium EP5 when the interaction strength γ crosses the
critical value γ0, provided the following conditions hold:

m1(γ0) > 0, m3(γ0) > 0, m1m2 − m3 = 0, (m1m2)
′ ̸= m′

3.

Proof. We take γ as the bifurcation parameter. The critical value
γ0 satisfies

m1(γ0)m2(γ0)− m3(γ0) = 0.

The characteristic equation at EP5 becomes

λ3 + m1λ2 + m2λ + m3 = 0 ⇒ (λ2 + m2)(λ + m1) = 0

yielding roots −m1 and ±i
√

m2. A pair of purely imaginary roots
and one negative real root indicate a Hopf-like scenario, thus satis-
fying a necessary condition for NS bifurcation.

To confirm the bifurcation, the transversality condition must be
met:

d
dγ

ℜ(λ(γ))
∣∣∣
γ=γ0

̸= 0.

We express eigenvalues as λ1,2 = ϕ(γ)± iψ(γ), λ3 = −m1. Differ-
entiating the characteristic equation implicitly and evaluating at
γ = γ0 (where ϕ(γ0) = 0, ψ(γ0) =

√
m2(γ0)), yields

ϕ′(γ0) =
1
2
· m3 − (m1m2)

′

m2
1 + m2

.

Thus, the NS bifurcation occurs if (m1m2)
′ ̸= m′

3.
From numerical simulations, the bifurcation appears at γ0 =

4.77788, near the equilibrium (0.301002, 0.282486, −0.394335).

NUMERICAL ANALYSIS

A systematic exploration of various parametric regimes was con-
ducted to assess their impact on the system’s dynamical behavior.
This analysis facilitated a comprehensive understanding of the
conditions under which chaotic dynamics emerge. In Figure 5, bi-
furcation diagrams for species x, y, and z are presented with fixed
parameters α = 2.85, β = 3.14, and ρ = 2.54, while the parameter
γ is varied over the interval [5, 7]. Similarly, Figure 6 illustrates
bifurcation diagrams for the same species under α = 2.74, β = 3.24,
and ρ = 3.54, with γ ranging from 1 to 7. Furthermore, evidence
of a Neimark–Sacker bifurcation is apparent in Figures 6b and 6c,
characterized by a period-doubling of the invariant curves.
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(d) NS Bifurcation diagram
of top predator (z), reflecting
higher trophic-level sensitivity.
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(e) Maximum Lyapunov exponent
(MLE), indicating transitions from
stable to chaotic behavior.

Figure 5 Neimark Sacker Bifurcation structure and dynamical
transitions in a three-species food chain model for fixed param-
eters α = 2.85, β = 3.14, and ρ = 2.54, as γ increases from 5 to
7. 5a illustrates the system’s overall trajectory in 3D phase space;
5b, 5c, 5d show the bifurcation patterns of prey, intermediate
predator, and top predator, respectively; 5e presents the MLE
curve, confirming the onset of complex and chaotic dynamics in
the trophic interactions.

To gain deeper insights into the system’s dynamical characteris-
tics, phase portraits were compared with their corresponding time
series under varying initial conditions and parametric values, as
detailed in Tables 3 and 4. The analyses reveal that the system ex-
hibits diverse behaviors, including quasi-periodic motion, chaotic
attractors, stable limit cycles, and stable periodic orbits.

STABILIZING THREE-SPECIES INTERACTIONS

By enhancing the OGY method, a stable period-1 orbit can be
achieved for the three-species food chain model. Parameter γ is
adjusted with time-dependent perturbations. When the unstable
point approaches period-1 orbits, the control parameter can be
modified due to the instability in the orbit. Thus, system (5) can
be rewritten as follows to maintain controllability:

Mj+1 = f2(Mj, ω) (15)

■ Table 3 Comparison of phase portraits with corresponding
time-series behavior

S.No Initial conditions Parametes Dynamical
Behavior

i x0=0.05
y0=0.02
z0=0.04

α=3.03
β=1.89
ρ=3.08
γ=5.75

Stable peri-
odic

20 40 60 80 100

n

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x[n]

ii x0=0.3
y0=0.2
z0=0.1

α=3.35
β=2.09
ρ=2.79
γ=5.02

Stable peri-
odic

20 40 60 80 100

n

0.2

0.4

0.6

x[n]

iii x0=0.4
y0=0.3
z0=0.2

α=2.75
β=2.89
ρ=2.43
γ=5.85

Chaotic

20 40 60 80 100

n

0.35

0.40

0.45

0.50

0.55

0.60

iv x0=0.6
y0=0.4
z0=0.2

α=3.1
β=2.2
ρ=1.03
γ=6.05

Quasi-
periodic

20 40 60 80 100

n

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x[n]

v x0=0.03
y0=0.02
z0=0.01

α=2.95
β=3.09
ρ=2.73
γ=6.85

Chaotic

20 40 60 80 100

n

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x[n]

        Computer Science 31



■ Table 4 Comparison of phase portraits with corresponding
time-series behavior

S.No Initial conditions Parametes Dynamical
Behavior

vi x0=0.05
y0=0.02
z0=0.04

α=3.03
β=1.89
ρ=3.08
γ=5.75

Chaotic

20 40 60 80 100

n

0.2

0.4

0.6

0.8

x[n]

vii x0=0.3
y0=0.2
z0=0.1

α=3.35
β=2.09
ρ=2.79
γ=5.02

Chaotic

20 40 60 80 100

n

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x[n]

viii x0=0.4
y0=0.3
z0=0.2

α=2.75
β=2.89
ρ=2.43
γ=5.85

Chaotic

20 40 60 80 100

n

0.2

0.4

0.6

x[n]

ix x0=0.6
y0=0.4
z0=0.2

α=3.1
β=2.2
ρ=1.03
γ=6.05

Stable
limit cycle

20 40 60 80 100

n

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x[n]

x x0=0.4
y0=0.2
z0=0.3

α=2.93
β=1.79
ρ=3.23
γ=5.85

Stable peri-
odic

20 40 60 80 100

n

0.2

0.4

0.6

0.8

x[n]
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(a) 3D phase projection of prey
(x), intermediate predator (y),
and top predator (z), illustrating
overall system dynamics.
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(b) Transcritical Bifurcation
diagram of prey population (x)
as γ increases.
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(c) Transcritical Bifurcation dia-
gram of intermediate predator
(y), reflecting changes in re-
sponse to prey and top preda-
tor dynamics.
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(d) Transcritical Bifurcation
diagram of top predator (z),
showing high sensitivity to
lower trophic level fluctua-
tions.
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(e) Maximum Lyapunov exponent
(MLE) versus γ, indicating stability,
bifurcations, and chaotic regimes in
the food chain model.

Figure 6 Transcritical bifurcation and dynamical transitions in
a three-species food chain model for fixed parameters α = 2.74,
β = 3.24, and ρ = 3.54, as the bifurcation parameter γ is var-
ied from 1 to 7. Subfigures 6a, 6b, 6c, 6d illustrate population-
level responses for prey, intermediate predator, and top predator,
showing characteristic features of transcritical bifurcation across
trophic levels, while 6e depicts the corresponding MLE indicat-
ing transitions between stable and chaotic regimes.

where Mj ∈ ℜ3, and f2 is a nonlinear vector function with
ω ∈ ℜ as a bifurcation parameter. When f2 is sufficiently smooth
and ω can be externally adjusted, for | ω − ω̄ |< δ, the system
meets the requirement at some point, with ω̄ being the rated
value. Consider ω as a variable parameter near ω̄ = 6.9. Con-
sequently, for system (5), the equilibrium point EP5 is found
to be (0.215361, 0.393701,−0.462502) with parameters α = 2.85,
β = 3.14, γ = 6.85, and ρ = 2.54. To achieve a periodic orbit, initial
conditions must lie within the chaotic attractor. Because of the
chaotic behavior, we can use feedback control to guide the path to
a nearby unstable periodic orbit.

Equation (15) can be expressed using the Taylor expansion
around the unstable point EP5, denoted as M∗(ω̄).
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Mj+1 − M∗(ω̄) = Ṽ(Mj − M∗(ω̄)) + B̃(ω − ω̄) (16)

Here, Ṽ is the derivative matrix of f2 with respect to the vari-
ables (x, y, z), represented by p∗.

Ṽ = Dp∗ f2(p∗, ω)

Ṽ =


α (1 − x)− x α − y β −βx 0

γ x y + y (x − z) γ x (x − z) γ −x y γ

0 ρ z −ρ y

 (17)

The derivative matrix of f2(M, γ) with respect to the variable γ
is denoted as B̃.

B̃ = Dγ f2(p∗, γ)

B̃ =


0

x y (x − z)

0

 (18)

The parameters α = 2.85 , β = 3.14, γ=6.85, ρ = 2.54, and the
fixed point EP5(0.215361, 0.393701,−0.462502) should be entered
into the matrices Ṽ and B̃:

Ṽ =


0.38622 −0.676234 0

2.40889 1 −0.580797

0 −1.17475 1

 (19)

B̃ =


0

0.0574746

0


ω is a time-dependent parameter that follows a linear function:

ω − ω̄ =− H̃T (Mj − M∗(ω̄)) (20)

Then, (11) implies

Mj+1 − M∗(ω̄) = (Ṽ − H̃T B̃) (Mj − M∗(ω̄)) (21)

In the case of a stable fixed point M∗(ω̄), the eigenvalues of
Ṽ − H̃T B̃ must be within the unit disc. Use Volterra (1962) to find
a controlled matrix

S̃ =

(
B̃ ṼB̃ Ã2B̃

)

S̃ =


0 −0.0388663 0.0262827

0.057475 0.0574746 0.0574746

0 −0.0675185 0.0793176

 (22)

The stabilization of chaos is achieved using the matrix H̃T ,
where

H̃T =

(
e3 − ω3 e2 − ω2 e1 − ω1

)
T−1

and

T = S̃G̃

G̃ =


ω2 ω1 0

ω1 1 0

1 0 0

 (23)

ωj(j = 1, 2, 3) are the coefficients of matrix V. That is

| ΛI − Ṽ | =Λ3 + ω1 Λ2 + ω2 Λ + ω3 (24)

From equation (17) and (24), we get;

| ΛI − Ṽ | =

∣∣∣∣∣∣∣∣∣∣∣
Λ − 0.38622 0.676234 0

−2.40889 Λ − 1 0.580797

0 1.17475 Λ − 1

∣∣∣∣∣∣∣∣∣∣∣
=− Λ3 + 2.38622 Λ2 − 2.71912 Λ + 1.75168 (25)

therefore, ω1 = 2.38622, ω2 = −2.71912 and ω3 = 1.75168.
Let e1, e2, e3 denote the coefficients of the characteristic polyno-

mial of (Ṽ − B̃H̃T). Then

| µ I − (Ṽ − B̃H̃T) | = µ3 + e1 µ2 + e2 µ + e3 (26)

T = S̃G̃ =


0 −0.0388663 0.0262827

0.057475 0.0574746 0.0574746

0 −0.0675185 0.0793176




−2.71912 2.38622 1

2.38622 1 0

1 0 0


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T =


−0.0664608 −0.0388663 0

0.0383412 0.194622 0.0574746

0.0817964 −0.0675185 0

 (27)

T−1 =


−51.6113 −8.88178 × 10−16 29.7095

62.5253 0 50.8028

−177.295 17.399 152.21

 (28)

At EP5(0.215361, 0.393701,−0.462502), Ṽ has eigenvalues:

eµ = 1.33214

e1µ = 0.527041 + 1.01841ι

e2µ = 0.527041 − 1.01841ι

The eigenvalues ψ1, ψ2, ψ3 of the matrix (Ṽ − B̃H̃T) refer as
adjustment values.

∣∣∣µI − (Ṽ − B̃H̃T)
∣∣∣ = µ3 − (ψ1 + ψ2 + ψ3) µ2

+ (ψ1ψ2 + ψ2ψ3 + ψ3ψ1) µ − ψ1ψ2ψ3.
(29)

Following are the correlations between coefficients and roots:

e1 = −(ψ1 + ψ2 + ψ3),

e2 = ψ1ψ2 + ψ2ψ3 + ψ3ψ1,

e3 = −ψ1ψ2ψ3.

From equation (22), we deduce that H̃T is not unique.
Suppose (e1, e2, e3) = (−|eµ|,−|eµ|, 0).

H̃T =

(
0 − ω3 − | eµ | −ω2 − | eµ | −ω1

)
T−1

H̃T =

(
−1.75168 1.38698 3.71836

)


−51.6113 −8.88178 × 10−16 29.7095

62.5253 0 50.8028

−177.295 17.399 152.21



H̃T =

(
836.373 −64.6957 −688.476

)
(30)

Once H̃T is established, Equation (16) allows us to compute∣∣∣H̃T(Mj − M∗(ω̄))
∣∣∣ < σ. This condition defines a region with a

width given by:
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Figure 7 Evolution of the system’s state variables under FCM
control showing periodic behavior corresponding to Cycle-1.
Subfigures 7a, 7b, and 7c, show the x, y, and z-components, re-
spectively, at iteration n = 400, while subfigures 7d, 7e, and 7f
display the corresponding components at iteration n = 4000.
Subfigure 7g presents the full time series of the state variables,
illustrating the periodic dynamics.
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2σ

|H̃T |

Parameters can be controlled within this region if Mj lies within
it; otherwise, control is not achievable. To determine the controlled
rate, we can use the following formula:

ω − ω̄ = −H̃T(Mj − M∗(ω̄)
)

ū(ω̄)

×
(

σ −
∣∣H̃T(Zj − Z∗(ω̄))

∣∣).
(31)

where

ū(ω̄) =

0, ω̄ < 0,

1, ω̄ > 0.

Figure (7a − 7 f ) illustrates that when e1 = 1.33214, e2 =
1.33214, and e3 = 0, controlling chaotic motion to a period-1 orbit
is feasible by selecting n = 400 or n = 4000.

CONCLUSION

This study investigates the dynamic responses of a discrete-time
Food Chain Model (FCM) to predator pressure under stringent
conditions, with a focus on the variety of equilibrium states that
can arise within such systems. A Transcritical bifurcation is iden-
tified at the equilibrium point EP2, while a NS bifurcation occurs
at EP4 when the bifurcation parameter γ is approximately 2.374
and 4.77788, respectively. The stabilization of a period-1 orbit is
achieved through an enhanced OGY control method. Successive
iterations employing different controller poles successfully stabi-
lize the periodic orbit while preserving the intrinsic dynamics of
the original system. Numerical simulations demonstrate the effec-
tiveness of this control strategy and its broader implications. The
model reveals species dynamics fluctuating between equilibrium
states and chaotic behavior, driven by factors such as population
size, birth rate, and survival rate. The theoretical insights derived
from this work offer valuable perspectives for future research in
biological and ecological systems. The application of OGY based
chaos control proves effective in regulating complex system dy-
namics under parameter variation, emphasizing the relevance and
potential of these approaches for further exploration and develop-
ment.

Moreover, the OGY chaos control method demonstrates how
chaotic population dynamics can be stabilized in the mathematical
model. These results suggest that similar strategies could poten-
tially be used to manage ecosystems by keeping populations within
desirable limits, avoiding extreme fluctuations, and maintaining
balance between species. Such insights provide guidance for de-
veloping sustainable approaches to pest management, biodiversity
conservation, and the overall stability of ecological systems.
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ABSTRACT Understanding and predicting regional climatic variations is crucial for agricultural planning, water resource management,
and disaster mitigation in the face of increasing global climate instability. This study presents a comprehensive stochastic simulation
framework designed to model the diverse meteorological profiles of Türkiye’s seven geographical regions. The developed model utilizes
a randomized structure that learns monthly parameters from historical daily datasets spanning the 2010–2024 period and generates
daily temperature and precipitation scenarios for 2025. Methodologically, a Normal Distribution was employed for temperature modeling,
while a first-order Markov Chain was utilized to determine the occurrence of precipitation. To account for the characteristically positive
and right-skewed nature of rainfall intensity on wet days, the Gamma Distribution was preferred a standard approach in current literature
for modeling daily precipitation amounts. To capture the inherent stochasticity of atmospheric processes, a Monte Carlo simulation
approach was implemented. Each representative city was initially simulated with 300 iterations to ensure statistical robustness. To
rigorously assess predictive accuracy, validation for 2024 was performed using a Monte Carlo simulation with 400 independent runs.
The findings demonstrate that the model effectively captures regional climatic trends and provides a reliable synthetic dataset for
environmental planning. Validation metrics indicate strong agreement between modeled and observed climatic behavior, with historical
monthly temperatures, precipitation totals, and wet-day probabilities consistently falling within the simulated 95% confidence intervals.
These results suggest that integrated stochastic models offer a high-fidelity and computationally efficient alternative to complex numerical
weather predictors for regional climate assessment.
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INTRODUCTION

The accurate representation and prediction of climatic variables
are fundamental components of environmental modeling, influ-
encing critical sectors such as agriculture, energy management,
and urban planning. Due to the complex and chaotic nature of the
atmosphere, traditional deterministic approaches often fall short of
capturing the full spectrum of climatic variability. In this context,
modeling and simulation approaches leverage statistical behav-
iors learned from historical data to generate probabilistic forecasts
(Palmer et al. 2005).

When historical weather patterns are examined, it is observed
that even under identical initial conditions, varying outcomes can
emerge due to inherent atmospheric uncertainty. Therefore, relying
on a single deterministic forecast is insufficient for realistic mod-
eling (Palmer 2000). To address this, multiple potential scenarios
must be simulated to measure precision and quantify uncertainty.
This study aims to stochastically model the temperature and pre-
cipitation processes of seven representative cities from Türkiye’s di-
verse climatic regions. The results are reported in terms of monthly
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mean temperature, the probability of precipitation, and mean total
precipitation with a 95% confidence interval, aiming to achieve
high-fidelity estimations. To interpret atmospheric uncertainty, the
Monte Carlo simulation method was employed, allowing the same
model to be executed numerous times to observe the distribution
of results. To ensure stable confidence intervals while maintaining
computational efficiency, 300 iterations were performed for each
city.

In research focusing on stochastic weather generation, vari-
ous statistical approaches are utilized to represent the random
nature and temporal continuity of meteorological variables on a
daily scale. Within this framework, the occurrence of precipita-
tion is predominantly modeled using Markov chains, while the
intensity of rainfall on wet days is characterized by the Gamma
distribution which is widely preferred in modeling daily rain-
fall amounts. This methodology serves as a fundamental building
block for widely recognized models such as WGEN and LARS-WG
(Semenov et al. 1998; Wilks 1999b,a). For continuous variables like
temperature and solar radiation, methods based on the Normal
distribution assumption are generally preferred. Studies by Wilks
have demonstrated that Monte Carlo-based simulations provide
an effective framework for producing these variables in a consis-
tent and integrated manner (Wilks 1998). Subsequent research has
further investigated the extent to which these stochastic models
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reflect both climate variability and extreme precipitation events
across different scales. Collectively, Markov chain and probability
distribution-based Monte Carlo approaches are considered estab-
lished and reliable methods in the literature for generating realistic
daily weather data.

The development and application of stochastic weather genera-
tors (SWGs) have been extensively documented in the literature
as effective tools for bridging the gap between coarse climate data
and local-scale applications. (Schuol and Abbaspour 2007) empha-
sized the utility of using monthly weather statistics to generate
daily data, demonstrating that such approaches can provide ro-
bust inputs for hydrological models like SWAT (Soil and Water
Assessment Tool). Similarly, (Kilsby et al. 2007)] highlighted the
importance of daily weather generators in climate change studies,
providing a framework. Recent advancements in the field have
shifted towards more sophisticated probabilistic structures.

(Ailliot et al. 2015) provided a comprehensive overview of
weather-type models, categorizing the evolution of SWGs and
their ability to capture different atmospheric states. More recently,
(Guan et al. 2025) evaluated the performance of regional stochas-
tic generators, specifically focusing on their ability to reproduce
heavy-precipitation events across various spatial and temporal
scales. Their findings reinforce the reliability of stochastic ap-
proaches in representing extreme meteorological phenomena, a
critical requirement for modern hazard and risk assessments. In
parallel, recent studies have expanded stochastic weather genera-
tor capabilities by improving precipitation representation, uncer-
tainty characterization, applicability to climate-risk assessments
and simulation of extreme weather events (Najibi et al. 2024; Wood-
son et al. 2025; Nandan et al. 2024; Semenov 2008). This body of
research provides a solid foundation for the methodology adopted
in this study, which integrates established Markovian and distri-
butional techniques to model the regional climate variability of
Türkiye.

For this study, daily temperature and precipitation data were re-
trieved via the Open-Meteo Archive API (Zippenfenig 2023). Using
the specific latitude and longitude coordinates for each city, daily
mean temperature and total precipitation values were downloaded
for the period between January 1, 2010, and December 31, 2024.
Seven cities were selected to represent all geographical regions of
Türkiye, enabling a comparative analysis of different climate types
within a unified modeling framework. Daily observation data for
the 2010–2024 period were retrieved for all representative cities to
serve as the foundation for parameter estimation and simulation.
To ensure physical consistency and exclude stochastic noise from
trace amounts (e.g., light drizzle), a daily precipitation threshold
of 1.0 mm was established.

To ensure that the stochastic projections are both robust and
scientifically defensible, the modeling process is structured into
two distinct stages: Validation and Future Scenario Generation.
In the first stage, the model’s performance is evaluated against
independent historical observations from the year 2024, which
were withheld during the initial parameter fitting phase. This
assessment confirms the framework’s ability to accurately repro-
duce regional climatic statistics. Following successful validation,
stochastic simulations are then conducted for the future year of
2025. This dual-stage approach ensures that the projected scenarios
are grounded in demonstrated statistical performance rather than
simple extrapolation, providing a more reliable basis for regional
climate assessment.

METHODOLOGY

Stochastic Framework and Simulation Logic

Atmospheric processes are inherently stochastic, and a single sim-
ulation output is insufficient to represent the full spectrum of
possible climatic behaviors. Consequently, Monte Carlo-based
approaches are widely employed in weather generation litera-
ture. (Wilks 1999a) demonstrated that multiple simulations are
critical for uncertainty analysis in the simultaneous generation of
variables such as daily temperature and precipitation. Similarly,
(Knutti et al. 2008) emphasized that confidence intervals in climate
projections can only be meaningfully interpreted through multi-
scenario ensembles. In this study, temperature was modeled using
a monthly Normal Distribution, precipitation occurrence via a first-
order Markov Chain, and precipitation intensity—conditional on
a wet day—via a Gamma Distribution. The modeling framework
is based on the following assumptions:

• Daily temperature acts as a continuous random variable with
a nearly symmetric distribution.

• Precipitation occurrence exhibits temporal dependency be-
tween successive days.

• Precipitation intensity is a continuous, non-negative, and
right-skewed variable.

Mathematical Modeling of Variables

Monthly mean and standard deviation values were used to sample
daily temperatures from a Normal Distribution. For precipitation,
since wet and dry states are not statistically independent, a first-
order Markov Chain was utilized. Because wet and dry days tend
to cluster in time, precipitation occurrence is commonly modeled
with a two-state, first-order Markov chain, where the probability
of a wet day depends on the previous day’s state (Wilks 1999b,a).
The process is defined as a binary state (W=1 for wet, W=0 for
dry), and transition probabilities were calculated. Monthly transi-
tion probabilities were estimated directly from observed wet/dry
sequences using empirical frequencies. A "wet day" was defined
as having a total daily precipitation at least 1.0 mm. This thresh-
old was selected to exclude trace events such as drizzle, which
would otherwise alter the probability distribution and diminish
the model’s realism.

Since daily precipitation amounts are strictly positive and ex-
hibit pronounced right-skewness, the Gamma Distribution was
employed to represent asymmetric rainfall behavior. During model
development, alternative formulations such as the Generalized Ex-
treme Value (GEV) for extreme event analysis or Skew-Normal
distributions for asymmetric temperature behavior were consid-
ered. However, as the primary objective of this study is to represent
regional climatic variability at a monthly scale rather than focus-
ing on rare extremes, the Gamma and Normal distributions were
deemed sufficient and computationally efficient, in line with re-
cent literature (Najibi et al. 2024; Woodson et al. 2025; Nandan et al.
2024).

The simulation framework follows a two-phase process: (1) Pa-
rameter Learning, where historical data are used to estimate tran-
sition probabilities and distribution parameters, and (2) Stochastic
Generation, where daily variables are synthesized based on the
learned states. To ensure statistical stability, the year 2025 was
simulated using a 400-run Monte Carlo ensemble for each city. All
simulations utilized a fixed random seed to ensure reproducibility,
with calendar structures (month lengths) corresponding to the year
2024.
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The year 2025 was simulated using a 300-run Monte Carlo en-
semble for each city to characterize potential future variability. In
the current implementation, month lengths were based on the 2024
calendar structure; this choice defines the temporal framework
and does not affect the learned stochastic parameters. This ensem-
ble approach aims to stabilize uncertainty intervals and provide
a comprehensive distribution of possible outcomes. To ensure re-
producibility, all simulations were generated using a fixed random
seed (RNG_SEED=42). Furthermore, the model’s predictive perfor-
mance was rigorously tested using an extended 400-run validation
ensemble for the year 2024.

Mathematical Framework and Operational Principles
In this study, daily weather processes are modeled using monthly
parameters derived from historical observations. The model repre-
sents temperature and precipitation through separate yet internally
consistent stochastic components.

• Daily Average Temperature Generation:

Daily mean temperature is generated using a Normal distribu-
tion based on monthly parameters. For a given month m, the
temperature process is defined as 1:

Tt ∼ N
(

µm, σ2
m

)
(1)

where µm and σ2
m represent the mean temperature and standard

deviation for month m, respectively, estimated from observation
data between 2010 and 2024. The Normal distribution was selected
due to the approximately symmetric distribution of temperature
at the monthly scale.

• Precipitation Occurrence (First-Order Markov Chain)

Due to the temporal persistence of wet weather, the state of
precipitation is modeled using a first-order Markov Chain. The
precipitation state is defined as a binary random variable: Wt ∈
{0, 1} where Wt=1 denotes a wet day and Wt=0 denotes a dry day.
The probability of a wet day depends on the state of the previous
day shown in 2 and 3:

P (Wt = 1 | Wt−1 = 1) = p11,m (2)

P (Wt = 1 | Wt−1 = 0) = p01,m (3)

Here, p11,m and p01,m represent the conditional transition prob-
abilities for month m. These probabilities were estimated directly
from empirical wet/dry transition frequencies within the historical
record. In instances or specific months where precipitation events
are extremely rare, transition probabilities may approach bound-
ary values (0 or 1). This behavior is maintained within the model
as it accurately reflects the observed scarcity of meteorological
transitions in the specific regional climate history, ensuring that
the synthetic series remains grounded in empirical reality.

• Daily Precipitation Amount

The daily total precipitation amount is modeled conditionally
upon the occurrence of a wet day. For a day t where Wt=1, the
amount Pt follows a Gamma distribution as 4:

Pt | (Wt = 1) ∼ Γ (km, θm) (4)

If Wt = 0, then Pt=0. The Gamma distribution was chosen to
represent the characteristic right-skewed nature of rainfall inten-
sity, where values are strictly positive and extreme amounts occur
with low frequency. Since daily precipitation amounts are strictly

positive and exhibit pronounced right-skewness, particularly due
to intermittent heavy rainfall events, the Gamma distribution was
employed to represent rainfall intensity on wet days. Although
alternative distributions (e.g., mixed exponential or extreme value
formulations) may outperform the Gamma distribution in spe-
cific settings, Gamma remains a common and practical choice in
stochastic weather generators, particularly when the focus is on
monthly-scale variability rather than extremes (Semenov et al. 1998;
Wilks 1999b). The shape parameter (km) and scale parameter (θm)
were estimated from wet-day observations within the correspond-
ing month.

• Uncertainty Evaluation (Monte Carlo Simulation)

To evaluate uncertainty, the model was iterated 300 times for
each representative city. All realizations were generated as stochas-
tic draws from a single seeded random-number generator stream,
ensuring reproducibility while yielding distinct ensemble mem-
bers. The 95% confidence intervals for monthly metrics were cal-
culated using the quantiles of the resulting Monte Carlo sample
distributions in 5:

CI95% = [Q0.025, Q0.975] (5)

This approach allows for a quantitative assessment of not only
the average behavior but also the inherent variability and uncer-
tainty in the synthetic weather data. Recent studies highlight
that ensemble-based confidence bands provide an interpretable
way to communicate uncertainty in climate-sensitive applications
(Woodson et al. 2025; Nandan et al. 2024). For the 2025 simulation
experiments, 300 Monte Carlo realizations were employed. This en-
semble size was selected to balance statistical stability in monthly
means and 95% confidence intervals with computational efficiency.
Overall, the literature indicates that Markov-chain-based occur-
rence models combined with parametric distributions—such as
the Gamma and Normal distributions used in this study—can ef-
fectively reproduce realistic mean behavior and variability at daily
to monthly scales (Ailliot et al. 2015).

RESULTS AND DISCUSSION

Stochastic weather generators based on Markov chains and para-
metric probability distributions have been proven to realistically
reproduce both mean climate behavior and variability at daily and
monthly scales (Ailliot et al. 2015). Furthermore, recent studies
highlight that Monte Carlo ensembles and probabilistic summaries
significantly improve interpretability when comparing simulated
outcomes against observed climate indicators (Najibi et al. 2024;
Woodson et al. 2025; Nandan et al. 2024). Building on this estab-
lished framework, this section presents the outputs of the stochas-
tic weather simulation for the year 2025 across seven representative
cities of Türkiye.

The findings are categorized into monthly temperature trends,
precipitation occurrences, and total rainfall intensity. By utilizing
the 300-run Monte Carlo ensemble, the results provide not only
the expected mean values but also the probabilistic boundaries of
potential climatic shifts. The following sub-sections evaluate the
model’s performance in capturing regional climatic characteristics
ranging from the humid subtropical profile of the Black Sea to the
semi-arid conditions of Central and Southeastern Anatolia through
comparative tables and visual distribution plots.

The temperature trends, as shown in Figure 1, indicate that
the lowest mean temperatures occur during January and February.
A steady upward trend is observed during the summer months,
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followed by a gradual cooling phase starting from autumn. Sim-
ilar to the precipitation patterns, the 95% confidence interval for
temperature is broader in the winter and more constrained in the
summer. This finding suggests that winter temperatures are sub-
ject to greater stochastic variability, while summer heatwaves or
average temperatures follow a more predictable trajectory. These
results are in full alignment with the transitional climate character-
istics of the Marmara Region.

Figure 1 Monthly Average Temperature of Kocaeli

The simulation results for the Marmara region, represented
by Kocaeli, demonstrate high seasonal consistency with histori-
cal climatic patterns. As illustrated in Figure 2, the probability
of precipitation reaches its peak during the winter months and
significantly declines throughout the summer period. The 95% con-
fidence interval is notably wider during the winter, suggesting that
precipitation events in this season exhibit higher irregularity and
variance. Conversely, the narrow confidence interval observed in
the summer months indicates that dry conditions are more stable
and frequent during this period.

Figure 2 Monthly Probability of Wet Days of Kocaeli

Furthermore, the monthly precipitation intensity values pre-
sented in Table 1 confirm that the highest total rainfall amounts are
concentrated in the autumn and winter seasons. The significant de-
crease in total precipitation during the summer months highlights
the model’s ability to accurately reflect the regional dry season.

Regarding temperature trends shown in Figure 3, the simula-
tion results are highly consistent with the regional climate. The
95% confidence interval for temperature remains remarkably sta-
ble and narrow throughout the year, indicating low inter-annual
temperature variability for this province. This suggests that daily
mean temperatures in Izmir follow a more predictable seasonal
trajectory compared to other regions.

The simulation results for Izmir, as the representative city of the
Aegean Region, accurately reflect the transition between seasons.
As illustrated in Figure 4, the probability of precipitation decreases

Figure 3 Monthly Average Temperature of Izmir

gradually from winter to spring, shows a slight increase during the
mid-spring period, and reaches its minimum during the summer
months before trending upward in autumn. Notably, the precipita-
tion probability in July and August is near zero, suggesting that
these months may remain entirely dry under typical conditions.

Figure 4 Monthly Probability of Wet Days of Izmir

A comparative analysis of monthly total precipitation and the
probability of wet days (Table 2) reveals a high degree of correla-
tion. However, the widening of confidence intervals specifically
during the winter months indicates that uncertainty in precipi-
tation intensity is significantly higher than that of temperature.
Overall, the stochastic outputs for Izmir are in full agreement
with the characteristic Mediterranean-influenced Aegean climate,
capturing both the summer aridity and the variability of winter
rainfall.

The simulation results for Antalya, as shown in Figure 5, are in
high alignment with the classical Mediterranean climate profile.
In months where the 95% confidence interval is narrow, a stable
thermal regime prevails. Conversely, in months where the interval
relatively widens, it can be inferred that meteorological uncer-
tainty and inter-annual variability are higher. Overall, the model
successfully captures the "hot-summer Mediterranean" (Csa) char-
acteristics, particularly highlighting the high variance in winter
precipitation against the predictable aridity of the summer.

As illustrated in Figure 6, the probability of wet days in Antalya
significantly increases during the winter months while exhibiting a
sharp decline during the summer. The narrow confidence intervals
observed during the summer months indicate that the absence
of precipitation is statistically stable and consistent during this
period. An analysis of monthly total precipitation amounts (Table
3) reveals that rainfall is concentrated in the winter season, both in
terms of frequency and intensity.

The simulation results presented in Figure 7 are highly con-
sistent with the typical continental climate of Central Anatolia,
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■ Table 1 Monthly statistical summary of simulated temperature and precipitation parameters of Kocaeli

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 5.61 4.21 6.86 0.46 0.24 0.65 96.24 37.27 162.59

02 7.04 5.62 8.71 0.46 0.22 0.69 84.35 29.15 153.88

03 8.83 7.67 9.98 0.44 0.24 0.65 83.75 39.21 150.66

04 12.97 11.67 14.17 0.36 0.10 0.63 67.47 16.34 130.52

05 17.47 16.48 18.53 0.40 0.16 0.61 74.33 24.58 132.77

06 21.66 20.91 22.49 0.38 0.17 0.63 79.54 18.33 149.30

07 24.07 23.42 24.73 0.21 0.06 0.42 37.36 3.35 97.18

08 24.63 24.01 25.23 0.21 0.03 0.40 33.17 0.70 89.40

09 21.20 20.32 22.08 0.28 0.08 0.53 54.12 5.52 119.56

10 16.04 15.05 17.15 0.32 0.11 0.58 84.55 15.07 191.06

11 11.92 10.67 13.20 0.30 0.13 0.52 69.32 17.75 136.07

12 7.82 6.66 8.90 0.42 0.19 0.68 100.94 34.84 181.49

■ Table 2 Monthly statistical summary of simulated temperature and precipitation parameters of Izmir

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 8.18 6.97 9.44 0.38 0.13 0.65 130.35 29.17 251.79

02 9.73 8.61 11.08 0.37 0.14 0.66 95.37 22.50 192.31

03 11.62 10.69 12.60 0.33 0.13 0.61 79.79 12.71 167.38

04 15.99 14.75 16.92 0.22 0.07 0.45 54.53 4.96 129.37

05 20.89 19.81 21.86 0.23 0.06 0.48 45.69 6.79 107.60

06 25.70 24.69 26.77 0.16 0.00 0.37 27.47 0.00 71.77

07 29.30 28.62 29.99 0.02 0.00 0.10 2.00 0.00 10.66

08 29.32 28.77 29.91 0.05 0.00 0.16 3.98 0.00 15.49

09 24.93 24.11 25.74 0.10 0.00 0.23 18.13 0.00 62.27

10 19.06 18.06 20.28 0.13 0.00 0.29 55.01 0.00 169.76

11 14.34 13.09 15.48 0.25 0.07 0.50 80.87 10.02 192.93

12 9.89 8.63 11.21 0.33 0.10 0.60 111.20 16.15 240.03

characterized by hot, arid summers and cold, unstable winters.
The model accurately captures the seasonal fluctuations in both
temperature and rainfall, providing a realistic representation of
the region’s atmospheric dynamics.

As illustrated in Figure 8, the probability of wet days in Ankara
is notably higher during the spring months compared to the sum-
mer, with a further increasing trend observed throughout the au-
tumn. The widening of the confidence intervals during these
transitional periods suggests that the precipitation regime (Table
4) in Ankara exhibits significant variability during seasonal shifts.

According to the temperature trends shown in Figure 9, the rela-
tively narrow confidence intervals indicate a stable thermal regime.
The data suggests that Trabzon experiences a temperate climate

where extreme temperature fluctuations are mitigated. This sta-
bility reflects the moderating influence of the sea, which prevents
drastic seasonal shifts and maintains a consistent temperature tra-
jectory as captured by the simulation model.

As illustrated in Figure 10, the probability of wet days in Trab-
zon remains high throughout the year, with this trend persisting
even during the summer months. This result is highly consistent
with the characteristic year-round precipitation regime of the Black
Sea region.

The breadth of the confidence intervals across the simulated
period suggests that while rainfall is frequent, its daily intensity
and occurrence exhibit significant stochastic variability in the rep-
resentative city. The comprehensive statistical breakdown of these
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■ Table 3 Monthly statistical summary of simulated temperature and precipitation parameters of Antalya

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 9.43 8.55 10.33 0.42 0.19 0.68 242.21 74.93 465.64

02 10.43 9.54 11.26 0.36 0.14 0.66 135.95 23.24 300.43

03 12.39 11.59 13.16 0.29 0.10 0.52 96.88 15.63 220.63

04 16.05 15.22 16.87 0.23 0.07 0.43 54.21 7.56 120.09

05 20.38 19.51 21.26 0.24 0.03 0.45 59.66 3.80 165.13

06 25.21 23.97 26.46 0.13 0.00 0.30 17.72 0.00 49.94

07 29.45 28.76 30.21 0.04 0.00 0.16 5.13 0.00 30.62

08 29.26 28.69 29.96 0.05 0.00 0.16 5.44 0.00 22.72

09 25.81 25.07 26.58 0.08 0.00 0.23 22.58 0.00 85.50

10 20.31 19.50 21.21 0.19 0.03 0.39 105.56 0.51 277.51

11 15.25 14.48 15.98 0.24 0.03 0.50 103.83 1.59 254.29

12 11.12 10.17 11.95 0.40 0.14 0.68 207.76 41.94 418.76

■ Table 4 Monthly statistical summary of simulated temperature and precipitation parameters of Ankara

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 1.11 -0.64 2.80 0.32 0.13 0.52 56.52 18.71 110.80

02 3.50 1.86 5.12 0.28 0.07 0.55 39.61 4.64 82.09

03 6.37 4.96 7.85 0.33 0.11 0.58 55.79 14.02 108.68

04 11.91 10.53 13.26 0.29 0.08 0.50 35.99 6.37 72.16

05 16.49 15.14 17.53 0.34 0.14 0.60 53.81 16.59 108.31

06 20.52 19.56 21.56 0.30 0.07 0.57 43.97 5.43 88.99

07 24.49 23.57 25.35 0.06 0.00 0.16 6.42 0.00 22.83

08 25.00 24.18 25.86 0.08 0.00 0.23 7.62 0.00 24.84

09 20.61 19.42 21.93 0.07 0.00 0.20 12.66 0.00 61.68

10 13.97 12.63 15.27 0.15 0.00 0.37 25.83 0.00 65.45

11 8.05 6.81 9.36 0.16 0.00 0.37 33.38 0.00 84.86

12 3.38 2.18 4.49 0.28 0.06 0.52 49.36 6.94 106.79

parameters is provided in Table 5.
As illustrated in Figure 11 and Figure 12, the simulation re-

sults for Erzurum are highly consistent with the severe continental
climate of Eastern Anatolia. During the winter months, mean tem-
peratures remain significantly below freezing (negative Celsius
values). The relatively wide confidence intervals observed in this
period suggest that the region is subject to extreme cold spells and
high thermal variability.

Regarding precipitation patterns in Table 6, the probability of
wet days reaches its peak during the spring months and exhibits a
notable decline during the summer season. These findings reflect
the regional characteristics where snowmelt and spring convec-
tive rains are dominant, followed by a relatively drier but short

summer period. The model accurately captures the harsh sea-
sonal transitions and the rigorous winter conditions unique to the
high-altitude geography of Erzurum.

As illustrated in Figure 13, the simulated mean temperatures
for Diyarbakır exceed 30°C during the summer months and fall
below 5°C during the winter. The prevalence of a narrow confi-
dence interval suggests that these high temperatures are observed
with significant stability and predictable seasonal intensity. Fur-
thermore, the results in Figure 14 indicate that the probability of a
wet day is nearly zero during the summer season, while it shows
a marked increase during the winter months. These findings and
also Table 7 are in full alignment with the semi-arid climatic charac-
teristics of Southeastern Anatolia, specifically reflecting the intense
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■ Table 5 Monthly statistical summary of simulated temperature and precipitation parameters of Trabzon

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 6.61 5.33 7.83 0.43 0.19 0.69 102.77 36.61 176.18

02 7.45 6.20 8.76 0.45 0.24 0.69 78.88 32.24 128.78

03 8.76 7.30 10.07 0.52 0.32 0.73 114.02 50.38 185.65

04 12.65 11.39 13.95 0.46 0.20 0.70 105.48 36.01 185.68

05 16.56 15.54 17.64 0.51 0.27 0.74 131.67 56.32 219.43

06 20.67 19.86 21.26 0.54 0.27 0.80 117.93 51.86 200.87

07 22.77 22.23 23.37 0.52 0.29 0.74 106.25 41.71 193.97

08 23.54 23.01 24.03 0.56 0.29 0.81 117.68 34.08 238.98

09 20.71 19.88 21.50 0.54 0.28 0.77 155.39 65.74 268.90

10 16.41 15.39 17.33 0.51 0.26 0.74 180.33 70.63 305.10

11 12.36 11.19 13.62 0.38 0.13 0.65 107.86 27.00 199.07

12 8.84 7.51 10.04 0.35 0.16 0.61 84.85 26.09 172.29

■ Table 6 Monthly statistical summary of simulated temperature and precipitation parameters of Erzurum

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 -5.86 -7.31 -4.45 0.29 0.10 0.50 42.58 9.73 81.93

02 -4.32 -5.67 -2.92 0.28 0.07 0.52 34.92 7.61 70.73

03 -0.33 -1.64 0.85 0.43 0.23 0.65 77.54 33.11 130.13

04 5.47 4.29 6.61 0.51 0.30 0.77 81.67 36.19 135.67

05 10.32 9.21 11.21 0.64 0.42 0.84 111.88 62.88 167.46

06 15.55 14.60 16.60 0.40 0.17 0.63 65.33 22.36 118.54

07 18.91 18.07 19.77 0.27 0.10 0.48 43.51 10.02 82.22

08 19.94 18.99 20.75 0.16 0.03 0.32 20.46 2.28 48.01

09 15.61 14.47 16.63 0.17 0.00 0.37 22.07 0.00 53.15

10 8.69 7.58 9.82 0.27 0.06 0.53 39.84 7.36 85.38

11 2.07 0.83 3.27 0.23 0.03 0.53 36.32 1.97 86.45

12 -3.68 -5.22 -2.21 0.23 0.06 0.50 36.79 5.03 87.59

summer aridity and the concentrated winter precipitation regime.
The model effectively captures the regional contrast between the
extreme heat of the dry season and the relatively mild, wet winter
period.

The aggregated simulation results in Table 8 for the seven geo-
graphical regions of Türkiye are summarized in the table above,
providing a comparative overview of annual average temperatures
and the probability of wet days, illustrated in also Figure 15 and
Figure 16. The stochastic model demonstrates high sensitivity to re-
gional variations, effectively distinguishing between the maritime,
continental, and transitional climates of the country. According to
the synthesized data, Antalya (Mediterranean) and Izmir (Aegean)
exhibit the highest annual average temperatures, approximately

18.8°C and 18.3°C respectively, reflecting their subtropical charac-
teristics. In stark contrast, Erzurum (Eastern Anatolia) presents
the lowest annual mean temperature at 6.9°C, consistent with its
high-altitude, severe continental climate. Regarding precipitation,
Trabzon (Black Sea) stands out as the most humid region with an
annual total of 1397.2 mm and the highest frequency of rainy days
(174 days), emphasizing its year-round wet climate. Ankara (Cen-
tral Anatolia) and Diyarbakır (Southeastern Anatolia) recorded the
lowest annual rainfall totals (425.2 mm and 594.4 mm respectively),
highlighting the semi-arid nature of the inland steppes. The con-
sistency in the number of rainy days across 300 iterations (ranging
from 78 to 174 days depending on the region) validates the robust-
ness of the 1st-order Markov Chain and the 1.0 mm wet threshold
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■ Table 7 Monthly statistical summary of simulated temperature and precipitation parameters of Diyarbakır

Month Tmean Tlow Thigh Wprob Wlow Whigh Pmean Plow Phigh

01 3.21 2.16 4.20 0.38 0.10 0.65 94.45 24.63 183.92

02 5.04 3.86 6.33 0.35 0.14 0.62 72.44 21.38 145.61

03 8.79 7.72 9.95 0.44 0.18 0.65 106.55 26.81 202.81

04 14.27 13.26 15.34 0.35 0.10 0.63 74.84 14.81 155.50

05 19.25 18.04 20.41 0.31 0.10 0.53 57.25 12.18 118.40

06 26.58 25.48 27.55 0.06 0.00 0.17 4.08 0.00 12.86

07 31.36 30.74 32.11 0.00 0.00 0.03 0.00 0.00 0.00

08 31.34 30.77 31.89 0.00 0.00 0.03 0.00 0.00 0.00

09 26.16 25.30 27.11 0.03 0.00 0.15 4.38 0.00 30.35

10 18.33 17.21 19.39 0.15 0.00 0.35 38.82 0.00 111.38

11 10.25 9.11 11.41 0.21 0.03 0.47 54.73 7.28 135.75

12 4.97 3.91 6.03 0.31 0.06 0.57 79.04 16.78 164.34

Figure 5 Monthly Average Temperature of Antalya

Figure 6 Monthly Probability of Wet Days of Antalya

used in the study. These annual summaries confirm that the in-
tegrated stochastic framework can successfully replicate complex
regional meteorological balances within a unified mathematical
structure.

VALIDATION RESULTS

Model validation was conducted using observed daily climate
records from 2024, which were deliberately excluded from the pa-

Figure 7 Monthly Average Temperature of Ankara

Figure 8 Monthly Probability of Wet Days of Ankara

rameter estimation stage and reserved for a strict out-of-sample
evaluation. In order to assess uncertainty in a stable and repro-
ducible manner, the stochastic framework was independently sim-
ulated for the validation year using a 400-run Monte Carlo en-
semble. Although the input data are daily, validation was per-
formed using monthly aggregated indicators, which provide a
clear regional-scale comparison. Specifically, the evaluation fo-
cused on monthly average temperature, monthly total precipita-
tion, and wet-day probability (fraction of wet days within each
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■ Table 8 Statistical summary of simulated temperature and precipitation parameters of Regions

Region City Avg. Temp (◦C) Total Rain (mm) Rainy Days Runs Threshold

Aegean Izmir 18.27 704.37 78 300 1.0

Black Sea Trabzon 14.80 1403.11 176 300 1.0

Central Anatolia Ankara 12.98 420.96 81 300 1.0

Eastern Anatolia Erzurum 6.90 612.92 118 300 1.0

Marmara Kocaeli 14.96 865.14 129 300 1.0

Mediterranean Antalya 18.78 1056.93 81 300 1.0

Southeastern Anatolia Diyarbakır 16.66 586.58 79 300 1.0

Figure 9 Monthly Average Temperature of Trabzon

Figure 10 Monthly Probability of Wet Days of Trabzon

Figure 11 Monthly Average Temperature of Erzurum

month). For each month, the simulation results are summarized
using the ensemble mean together with 95% uncertainty bounds
derived from the 2.5th and 97.5th percentiles of the Monte Carlo

Figure 12 Monthly Probability of Wet Days of Erzurum

Figure 13 Monthly Average Temperature of Diyarbakır

Figure 14 Monthly Probability of Wet Days of Diyarbakır

distribution.
Figure 17 presents the validation results for Kocaeli, represent-

ing the Marmara Region. Observed monthly average temperature
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Figure 15 Average Temperature of Regions

Figure 16 Probability of Wet Days of Regions

values for 2024 closely follow the Monte Carlo ensemble mean and
remain within the simulated 95% uncertainty bounds throughout
the year. Deviations are generally minor, indicating that the model
successfully reproduces the seasonal thermal cycle characteristic
of the Marmara climate. Precipitation-related indicators show
noticeably wider uncertainty ranges, particularly during winter,
reflecting the irregular and event-driven nature of rainfall. Despite
this variability, observed monthly total precipitation and wet-day
probability remain consistently captured within the ensemble un-
certainty bounds. Overall, the results confirm that the combined
first-order Markov Chain and Gamma distribution framework pro-
vides a reliable representation of both precipitation frequency and
intensity for the Marmara Region.

Figure 18 shows validation results for Izmir, representing the
Aegean Region. Observed monthly average temperatures align
closely with the ensemble mean and remain almost entirely within
the 95% uncertainty bounds, which stay relatively narrow across
the year. This reflects the strong seasonal predictability of tem-
perature in the Aegean climate. In contrast, precipitation-related
variables exhibit broader uncertainty intervals, particularly in win-
ter months, due to higher stochastic variability in rainfall processes.
Nevertheless, the model successfully captures the dominant re-
gional pattern, including the pronounced summer dry period.
Both observed monthly precipitation totals and wet-day probabili-
ties remain within the simulated uncertainty ranges, confirming
that the stochastic framework realistically represents the seasonal
precipitation regime typical of the Aegean Region.

Figure 17 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Kocaeli (Marmara Region) in 2024

Figure 19 presents the validation results for Antalya, repre-
senting the Mediterranean Region. Observed monthly average
temperature values closely track the Monte Carlo ensemble mean
and consistently fall within the simulated uncertainty bounds.
The confidence bands remain particularly narrow during summer,
reflecting the stable thermal regime associated with persistent hot-
season conditions. Precipitation-related indicators show strong
seasonality, with wet-day probability and total precipitation peak-
ing during winter and decreasing sharply during summer. Wider
uncertainty bounds during winter indicate increased variability
linked to episodic heavy rainfall events, whereas narrow sum-
mer uncertainty reflects statistically stable dry conditions. These
results demonstrate that the proposed stochastic framework cap-
tures the characteristic winter-wet and summer-dry structure of
the Mediterranean climate with strong agreement to observations.

Figure 20 illustrates validation results for Ankara, representing
the Central Anatolia Region. Observed monthly mean temper-
atures closely follow the ensemble mean and remain within the
95% uncertainty bounds, indicating that the model accurately re-
produces the continental seasonal transition between cold winters
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Figure 18 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Izmir (Aegean Region) in 2024

and warm summers. Precipitation-related indicators exhibit more
variability during transitional seasons. Wet-day probability and
precipitation totals increase during spring and early summer, fol-
lowed by a marked decline in mid-summer. The widening of
uncertainty bounds during spring suggests increased stochastic
variability associated with convective precipitation events, while
narrower summer intervals reflect a more stable dry regime. Over-
all, the results confirm that the framework successfully represents
both the thermal cycle and the seasonal timing of precipitation
typical of Central Anatolia.

Figure 21 presents validation results for Trabzon, representing
the Black Sea Region. Observed monthly mean temperatures re-
main close to the ensemble mean and stay within the simulated
uncertainty bounds, reflecting the relatively moderated thermal
variability influenced by the Black Sea. Rainfall-related indicators
display consistently high wet-day probabilities across all seasons,
including summer months, which is a defining feature of the Black
Sea climate. Although uncertainty bounds for precipitation totals
and wet-day probability are wider due to variability in rainfall
intensity and timing, observed values remain well within the simu-

Figure 19 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Antalya (Mediterranean Region) in
2024

lated ranges. These findings indicate that the stochastic framework
effectively captures the year-round humid precipitation regime
characteristic of the Black Sea Region.

Figure 22 shows validation results for Erzurum, representing
the Eastern Anatolia Region. Observed monthly average tempera-
tures closely follow the ensemble mean and remain predominantly
within the simulated uncertainty bounds. The model success-
fully reproduces the severe winter conditions, including sustained
sub-zero temperatures, reflecting the high-altitude continental cli-
mate of Eastern Anatolia. Precipitation-related indicators show
pronounced seasonality, with wet-day probability and precipita-
tion totals peaking during spring and decreasing during summer.
Wider uncertainty bounds during winter and spring indicate in-
creased variability associated with harsh winter dynamics and
seasonal transitions. Despite these challenges, observed values
remain within the modeled uncertainty ranges, demonstrating that
the framework captures the extreme seasonal contrasts typical of
the Eastern Anatolia climate.
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Figure 20 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Ankara (Central Anatolia Region) in
2024

Figure 23 presents validation results for Diyarbakır, repre-
senting the semi-arid Southeastern Anatolia Region. Observed
monthly mean temperatures closely align with the Monte Carlo
ensemble mean and remain within the simulated uncertainty
bounds, with particularly stable behavior during the hot summer
months. Precipitation-related indicators exhibit a strong seasonal
contrast. Wet-day probability and precipitation totals approach
near-zero levels during summer, confirming persistent regional
aridity, while precipitation occurrence and intensity increase dur-
ing winter months. Wider uncertainty bounds in winter reflect
increased variability linked to episodic rainfall events, whereas
narrow summer bounds indicate statistically stable dry conditions.
Overall, these results confirm that the stochastic framework suc-
cessfully captures both the dominant summer dryness and the
seasonal concentration of rainfall typical of Southeastern Anatolia.

Figure 21 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Trabzon (Black Sea Region) in 2024

To complement the visual comparisons between Figures 17 to
Figure 23 and Table 9 provides a quantitative summary of model
performance across all seven representative regions of Türkiye.
The table reports simulated annual mean temperature, total pre-
cipitation, and number of wet days for 2025, together with out-of-
sample validation errors computed using observed 2024 monthly
indicators. Model accuracy is assessed using Mean Absolute Error
(MAE) and Root Mean Square Error (RMSE) for monthly average
temperature, monthly total precipitation, and wet-day probability.
Overall, temperature errors remain consistently low across regions,
confirming that the seasonal thermal cycle is reproduced reliably.
Precipitation-related errors are comparatively larger, reflecting the
inherently intermittent and stochastic nature of rainfall; however,
the results remain within acceptable ranges for stochastic weather
generator applications. These quantitative findings further sup-
port the robustness and generalizability of the proposed stochastic
framework across diverse climatic regimes in Türkiye.
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■ Table 9 Annual summary of stochastic simulation results and validation metrics for the seven geographical regions of Türkiye

Region City T25 P25 D25 MAET RMSET MAEP RMSEP MAEW p RMSEW p

Aegean İzmir 18.27 704.37 78 1.65 2.05 34.70 48.72 0.09 0.11

Black Sea Trabzon 14.80 1403.11 176 1.66 1.92 42.64 50.00 0.14 0.18

Central Anat. Ankara 12.98 420.96 81 1.43 1.94 17.33 21.39 0.11 0.14

Eastern Anat. Erzurum 6.90 612.92 118 1.57 2.02 36.41 46.41 0.09 0.12

Marmara Kocaeli 14.96 865.14 129 1.54 1.84 34.91 40.40 0.13 0.16

Mediterranean Antalya 18.78 1056.93 81 1.64 2.10 45.65 54.06 0.13 0.15

S. Eastern Anat. Diyarbakır 16.66 586.58 79 1.26 1.53 16.93 25.42 0.08 0.11

Figure 22 Validation of monthly average temperature, total precipita-
tion, and wet-day probability for Erzurum (Eastern Anatolia Region)
in 2024

CONCLUSION

In this study, a Monte Carlo-based stochastic simulation frame-
work was developed and implemented for representative cities

Figure 23 Validation of monthly average temperature, total precipi-
tation, and wet-day probability for Diyarbakır (Southeastern Anatolia
Region) in 2024

across the seven geographical regions of Türkiye. The model
successfully synthesized weather data, yielding regionally con-
sistent temperature distributions and precipitation patterns. By
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leveraging the Monte Carlo approach, atmospheric uncertainty
was quantified through probability distributions, allowing for a
robust assessment of potential climatic variations.The seasonal
behaviors of the 95% confidence intervals align closely with the
unique climatic characteristics of each region, confirming that the
model provides a reliable representation of regional weather dy-
namics. Given the inherently stochastic nature of atmospheric
processes, this approach captures the natural variability that de-
terministic models might overlook. Ultimately, the proposed inte-
grated framework offers a computationally efficient and reliable
tool for regional climate assessment. The out-of-sample valida-
tion using 2024 observations, followed by scenario generation for
2025, further supports the robustness of the model. These findings
demonstrate the model’s high potential for integration into climate-
sensitive decision-support systems, such as agricultural planning,
water resource management, and energy infrastructure modeling.
Future studies could expand this framework by incorporating non-
parametric distributions or multi-site spatial correlations to further
refine regional climate risk assessments.
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Design of an ESP32-Based Smart Meteorological Data
Collection Station for Renewable Energy Applications
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ABSTRACT This study presents the design and implementation of an ESP32 microcontroller based, modular smart
meteorological data collection station developed to increase the efficiency of renewable energy systems and monitor
environmental data at a low cost.The system is designed as an alternative to high-cost industrial stations. Core hardware
components include BMP280 (temperature, pressure), wind speed (Hall Effect anemometer), and wind direction (Hall
Effect wind vane) sensors. ESP32 is used as the central control unit with its built-in Wi-Fi/Bluetooth features; it processes
data in string format and transmits it to a Python-based desktop interface via Bluetooth serial communication protocol
(at a frequency of 1 Hz). Additionally, a one-week circular storage logic (Circular Buffer) was created using the LittleFS
file system on the ESP32 for uninterrupted data storage. A solar panel and battery management system were designed
for off-grid operation capacity. As a result of validation tests, it was proven that the system provides high stability in data
transmission and that linear regression-based calibration (over 50% error improvement) is mandatory to reach professional
standards, especially in atmospheric pressure measurements. This low-cost and energy-efficient platform aims to provide
a scalable, domestic data collection infrastructure for renewable energy sites and smart agriculture projects.

KEYWORDS

Weather station
Internet of things
LittleFS
ESP32
Anemometer
Wind vane
Renewable en-
ergy
Smart sensors

INTRODUCTION

Monitoring changes in meteorological data is of great importance
both for agricultural activities and for the efficient use of renewable
energy sources such as solar and wind. Reliable meteorological
data are needed for accurate site analysis, especially during the in-
stallation phase of wind and solar power plants. However, the high
costs of industrial-type weather stations limit the widespread use,
development, and use of these systems by individual researchers.

Internet of Things (IoT) technology, which has gained a place
among today’s technologies and continues research and develop-
ment activities in many application areas, basically enables real-
world objects to communicate over the internet through different
technologies. In other words, IoT is used to connect the real world
to the internet. IoT systems generally include hardware such as
sensors, actuators, and smart devices. In IoT-based applications,
functions for remote control, monitoring, and operation of systems
are implemented. Within the scope of this study, a low-cost, ESP32
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microcontroller-based smart meteorological data collection station
has been designed and implemented.

Instant tracking and analysis of meteorological data are critical
for increasing agricultural productivity, disaster management, and
especially for the efficient use of renewable energy sources in line
with the increasing energy demand in recent years. The high in-
stallation costs and maintenance difficulties of traditional weather
stations have led researchers to develop microcontroller-based,
modular, and low-cost solutions.

When the literature is examined, it is seen that studies in this
field generally vary around the processor architecture used, en-
ergy management strategies, and data transmission protocols. In
studies on the adaptation of industrial standards in data collection
and transmission, the integration of microcontroller-based systems
with wireless sensor networks draws attention. For example, in
a portable station designed using a PIC microcontroller, the Mod-
bus protocol was preferred for collecting and transmitting sensor
data. In this system, data were transferred to the main center via
Zigbee wireless modules and serial interfaces, creating a hybrid
communication structure (Devaraju et al. 2015).

In applications where processing power and data storage ca-
pacity are at the forefront, the use of single-board computers is
common. In studies where Raspberry Pi-based systems were devel-
oped, wind speed, direction, temperature, and pressure data were
processed, stored in local databases, and visualized via web-based
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interfaces. While these systems offer high data processing capacity,
they may pose a disadvantage in terms of energy consumption in
off-grid sites (Baste and Dighe 2017; Üçgün et al. 2021).

Energy independence is one of the most important factors for
the sustainability of the system in field studies. Research focusing
on this problem shows the use of solar-powered microcontrollers
with optimized power consumption. In such systems, by establish-
ing SMS-based warning mechanisms via GSM modules, data flow
could be ensured even in regions without internet infrastructure.
In validation tests, it has been reported that such low-cost systems
provide a high degree of compliance with national meteorological
data (Haque et al. 2019).

In current studies, the ESP32 microcontroller and IoT platforms,
which stand out with both low power consumption and built-in
Wi-Fi/Bluetooth features, have started to be preferred. Modern ap-
proaches have been exhibited in systems developed using ESP32,
where data is instantly transferred to cloud-based platforms and
can be tracked via mobile devices (Murthy et al. 2023). Further-
more, it has been proven that barometric pressure sensors (such
as BMP280) used in such low-cost systems can produce data with
accuracy very close to reference devices when calibrated with sta-
tistical analysis and linear regression methods (Kusuma et al. 2023).

On the other hand, comprehensive systems that measure not
only standard meteorological data but also specific parameters
such as sky quality and astronomical vision are available in the
literature. Autonomous station prototypes such as "GÖKSİS," de-
veloped in a nationally conducted project, can collect very sensitive
data using advanced optical and thermal sensors. However, the
cost and installation difficulty of such systems restrict accessibility
for individual users or small-scale power plants (Yerli et al. 2017).

In light of the existing literature, there is a need for a domestic
and low-cost system that both works compatibly with renewable
energy sources (solar/wind) and incorporates current IoT tech-
nologies. The platform proposed in this study aims to fill this
gap in the literature with its modular structure built on the ESP32
architecture and its energy efficiency-oriented design, offering a
cost-effective solution especially for renewable energy sites.

MATERIALS AND METHODS

In this study, a low-cost, portable, and modular data collection
station was designed for use in areas where renewable energy
systems are utilized and at meteorological observation points. In
the development of the system, an integrated method consisting of
hardware component selection, circuit design, embedded software
development, and data analysis stages was followed.

Hardware Design and Components
The hardware components used in the system were selected to be
suitable for operating in harsh environmental conditions and low
power consumption criteria.

Figure 1 Esp32 Connection Diagram

Figure 2 Esp32 Connection Diagram

Central Control Units(ESP32S): Although Arduino or PIC-based
microcontrollers are often preferred in low-cost weather station
designs designed by researchers, the ESP32 development board
was preferred in this study due to Wi-Fi/Bluetooth-based data
transmission requirements and the use of a modern user inter-
face. Thanks to its dual-core processor architecture and built-in
Wi-Fi/Bluetooth modules, data can be easily stored directly on the
user’s device or in the cloud without the need for additional com-
munication hardware. Additionally, data can be stored in 1-week
periods thanks to the ESP32’s LittleFS file system.

Figure 3 ESP32S (joy-iT.net 2024)

Meteorological Sensors: The sensors used in the station were se-
lected according to measurement principles proven reliable in the
literature:

• Atmospheric Pressure Sensor (BMP280): The BMP280 sensor,
which uses piezoresistive technology to measure temperature,
air pressure, and altitude, has been integrated into the system.
Statistical analyses in the literature show that when this sensor
is calibrated with linear regression models, it provides data
with accuracy very close to reference devices and is a reliable
measurement tool.

Figure 4 BMP280 (reichelt.com 2024)

• Wind Speed Sensor(Anemometer): A 3-cup anemometer,
which produces pulses depending on the rotation speed, was
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used to measure wind speed. To measure wind speed accu-
rately, a Hall Effect-based measurement system that converts
mechanical rotation into electrical signals was designed. With
each rotation of a permanent magnet placed on the anemome-
ter’s shaft, the Hall sensor detects the magnetic field and
produces a digital pulse. This method minimizes friction, al-
lowing stable measurements even at low wind speeds. The
Hall sensor used in the system is powered by 5V for stable
operation and signal integrity. However, the input-output
(I/O) pins of the microcontroller unit (ESP32) where data is
processed operate at a 3.3V logic level. Applying the 5V out-
put signal directly to the microcontroller carries the risk of
hardware damage and data errors. To eliminate this incom-
patibility and ensure system safety, a Logic Level Shifter was
integrated between the sensor output and the microcontroller
input. This circuit performs the signal conditioning process by
reducing 5V amplitude square wave signals to 3.3V without
data loss. The obtained pulse signals are converted to wind
speed (m/s) based on the number of pulses per unit time.

Figure 5 Three-Cup Anemometer Design and Electronic Enclo-
sure Box.

Figure 6 Hall effect sensor and Logic Level Shifter connection
diagram.

• Wind Direction Sensor (Wind Vane): To obtain the wind di-
rection data of the weather station, a mechanical wind vane
and a magnetic-based sensing system that converts the move-
ment of this vane into digital data were designed. For di-
rection determination, four Hall Effect sensors placed at 90-
degree angles to represent the main directions (North, East,
West, South) were used in the system. The working principle
of the system is based on a permanent magnet connected to
the shaft of the wind vane triggering the sensor in the relevant
direction during rotation. As seen in Figure 6, the sensors are
placed in an "N, E, W, S" (North, East, West, South) sequence,
dividing the 360-degree scanning area into four main regions.

Whichever sensor the magnet enters the field of, that sensor
produces a "low" or "high" signal, informing the microcon-
troller of the direction the wind is blowing from.

Figure 7 Wind Vane and Electronic Enclosure Box.

Figure 8 Hall effect sensors and Logic Level Shifter connection
diagram.

Power Management System: A renewable energy-based power
supply unit has been designed so that the system can operate
uninterruptedly in off-grid areas. This unit consists of a solar panel,
a charge control circuit, and a battery group. As emphasized in
similar studies, this structure allows the system to collect data
autonomously in rural areas and ensures energy sustainability.

Software Architecture and Data Transmission
The software infrastructure of the system consists of two main
components: the embedded software on the ESP32 side and the
Python-based interface software on the computer side. The data
flow is carried out with a certain hierarchy from the physical layer
to the user screen.

Data Transmission Protocol and Packet Structure: Data transmis-
sion in the system is designed in a text-based (string) structure
to reduce complexity and facilitate debugging processes. Sensor
data read by the ESP32 are combined into a single character string
using a specific separator (e.g., comma or semicolon).

• Data Format: Each data packet is structured in the format:
Temp;Humidity;Pressure;Wind_S;Wind_D

• Transmission Channel: These prepared character strings are
transmitted to the Python-based interface software once per
second (1 Hz) via the Bluetooth serial communication proto-
col.
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Python-Based Desktop Application: The user interface was devel-
oped using the Python language, which is rich in terms of data
science and library support. The software consists of the following
functional blocks:

• Data Listening and Parsing: String data coming through
Python’s pyserial library is captured. The texts separated
by the split() function are converted into numerical data
(float/int) and transferred to the graphics engine.

• Visualization and Analysis: Incoming instantaneous data
are shown in real-time on temperature, humidity, and pres-
sure trend graphs (Temperature Trend, Humidity Trend, etc.).
Additionally, the system calculates instantaneous minimum,
maximum, and average values and presents them to the user.

• Historical Data Integration: The user interface can commu-
nicate asynchronously with the LittleFS unit on the ESP32.
When the user gives the "Get Historical Data" command, the
ESP32 transfers the recorded string data of the last week to
the Python interface, and these data are displayed in historical
analysis graphs.

Figure 9 Python-Based User Interface Designed Over Bluetooth
Communication.

Error Control and Stability: A data validation mechanism has been
established on the Python software to prevent data loss or faulty
packet transmission that may occur during communication. By
checking the length and format of the incoming string packet, non-
standard data is prevented from being reflected in the graphs, thus
protecting the stability of the system’s operation.

Validation and Test Method
To measure the reliability and sensitivity of the system, a three-
stage testing process was applied: sensor data accuracy, data trans-
mission stability, and storage unit consistency.

Sensor Accuracy and Calibration Test: The data produced by
the sensors used in the system (BME280 and Anemometer) were
verified by comparing them with reference values.

• Thermodynamic Data Validation: Temperature, humidity,
and pressure values were verified according to pre-calibrated
standard sensor data and re-calibrated.

• Wind Data Test: Wind speed and direction data received from
the anemometer were tested under controlled airflow, and
the response time of the wind vane and trend graphs in the
Python interface was measured.

• Error Margin Analysis: Deviation rates of the values received
from the sensors from the reference values were calculated,
and it was confirmed that the system operates within accept-
able error limits.

Data Transmission and Communication Tests: The stability of
string-based data transmission via Bluetooth was tested.

• Packet Loss Analysis: At 115200 baud rate, the arrival rates
of data packets sent at certain distances (1m, 5m, 10m) to the
Python interface were checked.

• String Parsing Test: It was verified with outlier tests that the
string expressions sent from the ESP32 were correctly split
and converted into numerical data on the Python side.

• Connection Continuity: The continuous operation time (up-
time) of the system after the "Connect and Start" command
was observed, and the stability of the Bluetooth connection
was measured.

Storage and Data Integrity Tests: The data storage capabilities of
the LittleFS file system and the one-week restriction logic were
tested.

• Write/Read Test: Power interruption simulations were per-
formed to check whether sudden shutdowns caused damage
to historical data on LittleFS.

• Weekly Cycle (Circular Buffer) Validation: Flash memory
occupancy was monitored with accelerated sampling tests;
it was verified that when the one-week period was full, the
oldest data was deleted and new data was written over it
(FIFO - First In First Out).

• Recall Performance: The transfer speed of historical data
requested via the Python interface over Bluetooth and the
process of reflecting it correctly on the graphs were tested.

RESULTS

In this study, an ESP32 microcontroller-based, low-cost, and high-
efficiency modular weather station design and implementation
were successfully carried out. Both the hardware and software
layers of the system were optimized for reliable collection, local
storage, and visualization of meteorological data. The main find-
ings obtained as a result of the study are as follows:

• Data Management and Storage: Thanks to the LittleFS file
system configured on the ESP32, meteorological data were
safely stored in local memory in one-week periods. It was
observed that no data loss occurred in cases such as power
cuts, and the circular storage logic successfully prevented
memory overflows.

• Communication Performance: Converting the data received
from the sensors into string format and transferring it at
115200 baud rate via Bluetooth protocol provided high stabil-
ity in data transmission. The performance of the Python-based
user interface in parsing incoming packets in real-time and
converting them into visual graphs increased the traceability
of the system.

• Sensor Accuracy and Calibration: Comparisons with simi-
lar studies in the literature, Kusuma et al. (2023) proved that
BMP280/BME280 series sensors are quite sensitive in baro-
metric pressure measurements, but linear regression-based
calibration is mandatory to reach professional measurement
standards (BMKG, etc.). In the analyses performed, it was
determined that the error margin (RMSE) could be improved
by more than 50% after calibration.
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• User Interface and Analysis: Thanks to the developed desk-
top software, instantaneous weather tracking, wind direction,
and speed analysis, and historical data query operations were
presented to the user through a single platform.

Figure 10 General view of the developed modular meteorologi-
cal station hardware, including the anemometer, wind vane, and
the main control unit.

Measurement Accuracy and Calibration Performance
The most basic success criterion of the system is the accuracy
of the collected data118. In studies where BMP280 sensors are
used in the literature, it has been observed that error rates (RMSE)
drop significantly when data are compared with reference de-
vices and calibrated with linear regression analysis. The station
developed within the scope of this project is expected to show
a similar performance. After the calibration process, it is en-
visaged that a high correlation (R2 > 0.98) will be achieved
with the reference station in atmospheric pressure measurements,
and measurement deviations will remain within acceptable limits
(±1 hPa for pressure, ± 0.5 ◦C for temperature). In wind speed
and direction measurements, it is aimed to convert instantaneous
changes into digital data with over 95% accuracy thanks to analog
signal processing algorithms.

Figure 11 Comparison of RMSE values before and after sensor
calibration for atmospheric pressure, air temperature, and wind
speed.

CONCLUSION

The verification of the off-grid operation capacity of the system
is another important expected result. Thanks to the solar panel
and battery management system, the station is aimed to be able
to collect data continuously for at least 48 hours even on cloudy
days. By using the deep-sleep modes of the ESP32 effectively in
software, it is expected that the average power consumption of
the system will be minimized, thus ensuring energy continuity.
Additionally, the outer case to be designed to protect the hardware
against environmental factors (rain, dust, humidity) is expected to
ensure the longevity of the system.

The developed prototype is expected to be produced at a
much lower cost (approximately 1/5 ratio) compared to industrial
weather stations with similar features. In conclusion, this devel-
oped system is aimed to contribute to the literature in the field of
domestic data collection systems and to create a scalable infrastruc-
ture for future "smart agriculture" or "smart solar farm" projects. In
future studies, it is planned to further develop the modular struc-
ture by powering the system with solar energy and integrating
long-range communication protocols such as LoRaWAN.
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ABSTRACT Histopathological assessment of tissue biopsies is the main way to diagnose breast cancer.
The current truth is that interpreting histopathological images is subjective and typically requires a great
deal of effort by busy pathologists. Deep learning has transformed the practice of Digital Pathology, but at
this moment, there is no universal agreement on which architecture gives the best performance for multi-
class tissue recognition. The goal of this work is to analyze and compare the traditional Convolutional Neural
Network (CNN), ResNet-101 and DenseNet-169, to the recently developed Transformer architecture, the Vision
Transformer (ViT), by using a systematic benchmarking approach. Our approach involved using a balanced
dataset with images from four classes (Benign, InSitu, Invasive, and Normal) and included preparation of
images to a standardized input size of 224x224, transfer learning, and standard augmentations. Experimental
results indicated that DenseNet-169 performs significantly greater than ResNet-101 (75% accuracy) with an
improved accuracy of 96.25% and F1-score of 0.9628 at comparatively low levels of computational power
(67.169 GFLOPs). DeiT Base is also an effective diagnostic adjunct, but due to its extensive number of
parameters (85.80M) and computational cost, there are clear advantages in using optimized dense CNN
architectures in limited clinical resources.
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INTRODUCTION

Breast cancers rank among the major healthcare issues across the
globe, and they contribute to a large percentage of cancer-related
deaths among women (Ma et al. 2024; Akbari et al. 2026; Alkhafaji
et al. 2026). The present scenario regarding breast cancers, as
depicted above, has continued to pose significant healthcare threats
to women across the world, and their comprehensive and accurate
identification still remains a challenge. Presently, for accurate
identification of cancers, the “Gold Standard Test," or properly
referred to, still remains the Histopathological examination of
tissue biopsies. The pathologists, after careful observation of these
slides, are able to differentiate the tissue patterns, viz., Benign,
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InSitu, Invasive, and Normal, and so on. But this needs to be done
manually and hence is time-taking, to say the least, and still tends
to be a challenge due to possible variations (Yan et al. 2025; Jahan
et al. 2025).

In recent years, with the introduction of deep learning into
digital pathology, there was a major change in thinking and how
pathway classification would be handled. Convolutional Neu-
ral Networks (CNNs) have been the dominant force in this area,
due mainly to their ability to extract spatial hierarchies and local
features from high-resolution digital medical imaging (Yu et al.
2024; Rahman et al. 2025; Irmak and Saygılı 2025). A variety of
CNN architectures, including ResNet-101 and DenseNet-169, have
provided many examples of strong benchmark architectures, ad-
dressing the problem of gradient degradation, and promoting the
concept of feature reuse. With the continued development of digi-
tal pathology comes the introduction of Vision Transformers (ViTs)
as well as hybrid architectures, such as the newly developed Data-
efficient Image Transformer (DeiT). ViTs and DeiT also allows for

        Computer Science 57

ADBa
Computer Science

 Cutting-Edge Scientific Solutions

e-ISSN: 3023-8544
RESEARCH ARTICLE

Vol.3 / No.1 / 2026 / pp.57-62
https:/ /doi .org/10.69882/adba.cs.2026018

https://orcid.org/0009-0009-6677-0044
https://orcid.org/0009-0008-7227-9182
https://orcid.org/0000-0001-6670-2169


the integration of global context into classification models and,
in particular, enable the recognition of small levels of pathologic
change across an entire slide (Hasan et al. 2025; Sumitha and Isaac
2025).

Despite such advances, an important issue is still remaining,
which is a balance between high detection performance and ef-
ficient computation (Maurya et al. 2024; Singh and Patnaik 2026;
Ahmed 2025). Although more advanced yet complex models could
achieve even superior performance, their applicability in a prac-
tical environment, such as a hospital where hardware or compu-
tational capacity could be more restricted, would still include a
careful consideration of parameters and GFLOPs (Kansal et al.
2025). Moreover, previous research works are mostly concentrat-
ing on a binary classification problem, like malignancy versus
benign-nous cases, although, in reality, a more appropriate clas-
sification is needed for multi-class problems that are commonly
experienced by a human pathologist on a daily basis. There is an
obvious gap between existing research works concerning a bench-
mark of multi-class BC using traditional CNN models and more
contemporary models like transformers (Singh and Patnaik 2025;
Zhang et al. 2025). This study is intended to address this shortcom-
ing by presenting an overall assessment of multiple SOTA models,
including DeiT Base, DenseNet-169, and ResNet-101, which have
been tested with a carefully curated set of four histopathological
classifications. They were evaluated based on precision, recall, f1
score, and computational burden.

RELATED WORKS

Computational Intelligence has transformed the experience of dig-
ital pathology from one of subjectively evaluating using a visual
microscope to one of objective, high Throughput Diagnostic Sys-
tems for all cancers. The greatest complication in classifying breast
cancer automatically is the great differences in morphology within
tissue samples as benign and malignant cell types typically con-
tain similar cellular characteristics. CNNs have historically been
utilized to extract spatial features from tissue samples today there
are increasing developments toward hybrid systems, frequency
domain analysis and explainable A.I. (XAI) which makes A.I. more
interpretable and efficient while still enabling high levels of Pre-
dictive Performance.

The study by Liu et al. (2024) discussed the limitations of exist-
ing methods used for feature representation in digital pathology.
Liu et al. proposed a novel method for adaptive threshold selection
which can be applied to histopathological images processed in the
frequency domain using discrete wavelet transform. This adaptive
thresholding process removes unnecessary noise and enhances
the relevant textural features of histopathological images that are
critical for producing high-resolution histopathological images.
The results from their study show that adding threshold selection
as part of the model’s training improves convergence on complex
tissue structures.

According to Gu et al. (2024), deep learning has been systemati-
cally evaluated to assess the role of deep learning for automating
breast cancer diagnosis using automated systems. The authors
highlight the value of improving the quality of preprocessing
and optimising hyperparameters to achieve the most accurate
diagnoses possible from these systems. The authors denote that
although new architectures have value, they also suggest that
utilising existing networks with strong augmentation techniques
provide opportunities for diagnostic accuracy results that are com-
parable or superior to those achieved by newer architectures or
complex tailored architectures. This research supports the need for

standardisation of digital pathology workflow processes in order
to reproduce results in multiple clinical environments.

In a supervised contrastive learning framework (CHistNet) pro-
posed by Rahaman et al. (2024), the authors aim to increase the
ability for distinguishing features in multi-class histopathology.
This is accomplished through the clustering of related pathologies
in latent space while maximizing separation of unrelated classes.
This method is highly effective at alleviating class imbalances that
exist in breast oncology. Their research demonstrates how con-
trasting the results from using contrastive strategies produces a
more optimal representation of the features than training using
only traditional cross-entropy methods.

The researchers (Krishnappa and Reddy 2024) developed a new
kind of deep ensemble graph network (DEGN) that treats the spa-
tial organization of tissues as a series of related nodes instead of
a two-dimensional pixel grid. This allows the DEGN to better
represent long-range spatial relationships in a tissue sample and
therefore produce a more complete understanding of the tissue mi-
croenvironment. The authors also demonstrated that an ensemble
method outperforms standard CNNs at distinguishing between
small architectural differences in breast tissues.

In a study conducted by Singh et al. (2024), colleagues explored
how effective transfer learning is for classifying digital histopatho-
logical images. They specifically sought to address the limitations
of relying on limited amounts of annotated digital histopathology
images. Specifically, through fine-tuning a large number of pre-
trained deep learning models specifically designed for histopathol-
ogy tasks, they demonstrated that they could accurately distin-
guish between multiple grades of breast tumour types (defined by
the World Health Organisation) while decreasing the time it took
to train these neural networks substantially. Singh’s team’s work
demonstrated that transfer learning represents a model that is eas-
ily scalable for implementing AI-based diagnostics in low-resource
healthcare settings.

Yilmaz et al. (2025) Concluded through an extensive review (n
= 30) of advanced neural network architectures (CNNs and ViTs)
focusing on the detection of breast cancer from ultrasound and
histological images. They found that although multi-scale ViTs
such as MViTv2-Base are able to exploit large context globally,
they are most efficient when combined with lightweight CNNs
(MobileNetV3). When choosing the correct architecture, this bench-
mark provides guidance based on the various imaging modalities
and the appropriate diagnostic need.

To overcome the issue of interpreting results from Deep Learn-
ing methods, the authors (Ukwuoma et al. 2025) proposed a classi-
fication strategy based on Explainable AI (XAI) using LIME and
SHAP technologies to demonstrate how their algorithm provides
a reliable explanation of tissue types. The framework accurately
classifies the tissue types and also produces a visual explanation
of how the algorithm arrived at its decision by providing a clear
visual representation of the nuclear or stromal features that influ-
enced the predictive process of the algorithm. The development of
the framework helps fill the gap between the predictions made by
algorithms and the reasoning that is understandable by humans,
creating a bridge to building confidence in AI-assisted diagnostic
devices within clinical practice and obtaining the requisite regu-
latory approvals for the use of AI-based diagnostic tools within
clinical practice.
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MATERIALS AND METHODS

Dataset and Data Preprocessing
In our research, we employed a broad histopathology dataset,
which comprises four types of tissue and covers the most difficult
cases in diagnosing breast cancers, namely, Benign, InSitu, Inva-
sive, and Normal. These categories, as depicted in Figure 1, are
very varying in cell structures, density, and organization, and it
is essential for the multi-class problem that these aspects are well
picked up by the model. To ensure a balance in the training envi-
ronment and avoid the overfitting issue by giving preference to
a certain class, the dataset was selected to be well-represented by
an equal number of 100 images for each class, resulting in a well-
prepared set of 400 high-quality images. The level of complexity,
as depicted in Figure 1, necessitates the needs for the advanced
model to well-capture not only the local features but also the global
features (Dataset 2025).

Figure 1 Sample images from the breast histopathology classes in
the dataset.

We implemented a consistent preprocessing procedure for all
the data, before using it in the deep learning (DL) algorithms.
A primary aspect of this process was that all the patches of the
histopathology were resized to the same 224 x 224 pixels. These
particular dimensions were selected to align with the input require-
ments of the existing architectures (e.g., DenseNet-169, DeiT Base).
Thus they are suited for direct comparisons. The partitioning of
each set into training, validation, and testing subsets (70/10/20
as illustrated in Table 1) allows models to train on sufficient data
while maintaining a dedicated test set to accurately assess general-
ization capabilities on novel pathological patterns.

Foundational Principles of Deep Learning Models (CNNs and
ViTs)
Two different architectural philosophies have significantly im-
pacted the development of automated histopathology: CNNs and
VITs. While CNNs primarily focus on local morphology with their
spatial hierarchies, VITs allow for a type of global understanding
which has become increasingly important for identifying complex
tissue architectures within the context of breast cancer diagnosis.

For more than 10 years, CNNs have been the standard for med-
ical image analysis because of their unique ability to represent the
local spatial correlation of histopathological slides. In this evalua-
tion, we focus on two major advances in the architecture of CNNs
to help mitigate the weaknesses of both ResNet-101 (He et al. 2025)
and DenseNet-169 (Huang et al. 2025). ResNet-101 introduced the
"skip connection" or residual learning concept that allows CNN’s to
avoid the vanishing gradient problem and learn the identity map-
ping across 101 layers, therefore maintaining important elements

in the image. Alternatively, DenseNet-169 proposes that every
layer in a block is connected; this allows the features from previous
layers to be reused as much as possible while also reducing the
number of parameters, thus still maintaining the interpretation
power of Deep Learning. Therefore, CNNs, as a technique in Digi-
tal Pathology, can easily detect subtle changes in cells or nuclear
pleomorphism in Benign or Invasive tissue patches.

Though CNNs use localized kernels, with the advent of ViTs,
there is a paradigm shift towards understanding images in a more
holistic manner. Unlike previous models, where an image is treated
as a patch, in ViTs, an image is treated as a set of patches, and to
understand their relevance, there is the use of the "self-attention"
technique, where the relevance of each patch is measured in re-
lation to another. Though conventional ViTs are very efficient,
their main bottleneck in medical imaging is their requirement
for huge quantities of data. To counter this, this work uses DeiT
Base (Touvron et al. 2025). This model reduces the requirement
for huge quantities of data with the help of its unique teacher-
student distillation technique using distillation tokening, ensuring
small quantities of data (as explained in Table 1) are efficiently uti-
lized without sacrificing its global receptive width, making it the
best-suited model for multi-classification problems where the posi-
tioning of the stroma and epithelium regions plays an important
role in diagnosing whether the cell is of type InSitu or Normal.

Transfer Learning and Data Augmentation

The lack of sufficient annotated examples in histopathology con-
tinues to be an obstacle in developing effective medical imaging
datasets. To overcome this and achieve strong convergence in deep
learning models, we used a Transfer Learning approach where
instead of using resources to build our own networks from scratch
(a process that would have been extremely costly compared to
developing a dataset this size; see Table 1.), we took advantage of
networks that were already trained on ImageNet-1K. This allowed
us to use a large number of diverse features that were learned in
advance by the networks to enable the models to concentrate on
adjusting only the higher level portions of their architecture to
identify the more specific characteristics of breast tissue, like the
way that the structure of invasive carcinoma is different than the
structure of breast tissue from in situ lesions.

For our Data Augmentation pipeline, we leveraged timm, a
popular PyTorch Image Models library, where we utilized their
standard stochastic transformations and avoided building an en-
tirely new augmentation space from scratch. We took advantage
of timm’s "default" settings, which have demonstrated successful
performance across modern deep learning benchmark tests. For
example, the default settings incorporate key geometric and color-
space perturbations, including random resized cropping, horizon-
tal flipping, and basic color jittering, that affect a model’s ability
to generalize well to changes in scale or orientation (invariance).
By using these standard default parameters, we ensured that any
training environment we created for comparing the models (i.e.,
CNN vs. ViT) was repeatable and free from bias, allowing our anal-
ysis to focus primarily on the characteristics of each architecture
(Wang et al. 2024; Mumuni et al. 2024).

Metrics for Performance Assessment

To evaluate the effectiveness of the proposed DL models in the
multi-class classification of breast cancer histopathology images,
several standard quantitative metrics were employed to provide
a rigorous assessment of their diagnostic performance. Accuracy
was first utilized to offer a general measure of the models’ abil-

        Computer Science 59



■ Table 1 Dataset Distribution by Class

Class Train (70%) Val (10%) Test (20%) Total

Benign 70 10 20 100

InSitu 70 10 20 100

Invasive 70 10 20 100

Normal 70 10 20 100

Total 280 40 80 400

ity to correctly identify the four tissue categories, Benign, InSitu,
Invasive, and Normal, across the entire dataset, as defined in Eq.
(1) . However, given the clinical significance of misclassification
in medical imaging, we further assessed the diagnostic precision
and sensitivity of the architectures to ensure a more granular anal-
ysis. Precision was used to quantify the exactness of the models,
representing the ratio of correctly predicted positive cases to the
total predicted positives, as shown in Eq. (2) . Complementary to
this, Recall, also known as sensitivity, was calculated to measure
the models’ ability to detect all relevant positive instances, which
is particularly critical in oncology to ensure that malignant tissue
types are not overlooked, as formulated in Eq. (3) . Finally, the
F1-Score was calculated as the harmonic mean of precision and
recall to provide a robust and balanced performance indicator that
accounts for both false positives and false negatives, as described
in Eq. (4) .

Accuracy =
TP + TN

TP + TN + FP + FN
(1)

Precision =
TP

TP + FP
(2)

Recall =
TP

TP + FN
(3)

F1-score = 2 · Precision · Recall
Precision + Recall

(4)

RESULTS AND DISCUSSION

The experimental results obtained from the multi-class classifica-
tion of breast histopathology images demonstrate a significant vari-
ance in performance across the different architectural paradigms.
By evaluating traditional CNNs alongside modern ViTs, we as-
sessed not only the predictive accuracy of each model but also
their practical feasibility for clinical deployment through the lens
of computational complexity. As evidenced by the quantitative
outcomes summarized in Table 2, the choice of architecture fun-
damentally influences the model’s ability to distinguish between
subtle morphological features in tissue patches.

Among the evaluated models, DenseNet-169 emerged as the
superior architecture, achieving the highest accuracy of 0.9625
and an F1-score of 0.9628. Remarkably, DenseNet-169 managed to
outperform its counterparts while maintaining the most efficient
computational profile, utilizing only 12.49 million parameters and
67.169 GFLOPs. This high performance-to-efficiency ratio is largely
attributable to its dense connectivity pattern, which maximizes
feature reuse and ensures a robust gradient flow. The confusion
matrix for DenseNet-169, illustrated in Figure 2, further confirms
its reliability, showing perfect classification (20/20) for the Invasive

class and only minor misclassifications in other categories. For in-
stance, only one InSitu sample was incorrectly labeled as Invasive,
and a single Normal case was misidentified as Benign, indicating
that the model captures the primary pathological indicators with
high precision.

Figure 2 Confusion Matrix of the DenseNet-169 Model.

In comparison, the DeiT Base model demonstrated competitive
diagnostic capabilities with an accuracy of 0.9375, yet it required
significantly higher computational resources. With 85.80 million
parameters and 336.955 GFLOPs, DeiT is the most demanding
architecture in this study, reflecting the inherent trade-offs when
using transformer-based models on smaller datasets, despite the
use of distillation techniques. Conversely, ResNet-101 performed
notably poor in this specific multi-class task, yielding an accuracy
of only 0.75. This suggests that for this particular histopathological
dataset, the standard residual blocks may not be as effective as the
dense connections of DenseNet or the global attention mechanisms
of DeiT in resolving the complex cellular overlaps. These findings
underscore that while transformers offer powerful global context,
optimized CNN architectures like DenseNet-169 currently provide
a more balanced solution for high-precision, resource-efficient
medical image analysis.
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■ Table 2 Comparison of Performance Metrics and Computational Complexity of the Models

Models Accuracy Precision Recall F1-score Params GFLOPs

DeiT Base 0.9375 0.9410 0.9375 0.9370 85.80M 336.955

DenseNet-169 0.9625 0.9648 0.9625 0.9628 12.49M 67.169

ResNet-101 0.7500 0.7602 0.7500 0.7487 42.51M 157.288

CONCLUSION

This research has presented a comprehensive comparative analysis
of CNN and transformer-based architectures for the multi-class
classification of breast cancer histopathology images. By bench-
marking DenseNet-169, DeiT Base, and ResNet-101, we have iden-
tified that architectural design plays a critical role in capturing the
subtle morphological nuances required for accurate tissue differ-
entiation. Our results identify DenseNet-169 as the most effective
model, combining exceptional diagnostic accuracy (96.25%) with
the most efficient computational profile. While ViTs like DeiT offer
promising global contextual awareness, their elevated computa-
tional demands and data requirements remain significant barriers
compared to the feature-reuse capabilities of dense convolutional
networks. These insights underscore the potential for optimized
CNNs to be integrated into real-time clinical workflows to alleviate
pathologist workload and reduce diagnostic variability. Future
work focuses on integrating these models into broader whole-slide
imaging pipelines and exploring hybrid architecture to further
bridge the gap between local tissue analysis and global architec-
tural interpretation.
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ABSTRACT Milk quality assessment is of critical importance for food safety and public health. Traditional milk quality evaluation relies on physicochemical
measurements that require expert interpretation and may not directly support rapid or large-scale decision-making, increasing the need for data-driven and
automated assessment methods. Although machine learning-based approaches have been widely applied in milk quality classification in recent years, the
lack of transparency in model decision mechanisms and insufficient reporting of data preprocessing and data leakage control procedures pose significant
limitations in terms of reliability. In this study, the milk quality classification performance of various supervised machine learning algorithms is comparatively
evaluated using an open-access milk dataset. Random Forest (RF), k-Nearest Neighbors (KNN), Support Vector Machines (SVM), Extreme Gradient
Boosting (XGB), Light Gradient Boosting Machine (LGBM), and Artificial Neural Network (ANN) models are assessed under fair and consistent experimental
conditions. The main contribution of this study lies in the application of group-based data partitioning strategies to prevent data leakage, rather than directly
removing duplicate or highly similar records from the dataset. This approach prevents data loss and enables a more realistic evaluation of model performance.
Furthermore, a targeted and minimalist preprocessing strategy is adopted by applying scaling exclusively to continuous variables. For hyperparameter
optimization, Grid Search and Particle Swarm Optimization (PSO) methods are employed; notably, tree-based models optimized using PSO demonstrate
more consistent classification performance. To move beyond predictive accuracy, Explainable Artificial Intelligence (XAI) approaches are utilized to enhance
the interpretability of model decisions. In this context, SHapley Additive exPlanations (SHAP) and Local Interpretable Model-agnostic Explanations (LIME)
methods are applied to analyze the contributions of key features influencing milk quality. Experimental results indicate that physicochemical properties,
particularly pH, fat content, and temperature, play a decisive role in milk quality prediction. In conclusion, this study demonstrates that the combined use of
machine learning and explainability techniques provides significant contributions in terms of reliability, transparency, and methodological robustness in milk
quality classification.

KEYWORDS

XAI
Optimization al-
gorithms
Machine learning
Deep learning
Milk quality

INTRODUCTION

The food industry holds strategic importance on a global scale,
both in terms of economic growth and public health. The safety,
nutritional value, and sensory acceptability of food products of-
fered on the market directly affect not only consumer satisfaction
but also public health and sustainable development. In this context,
food quality emerges as a decisive factor in shaping responsible
production and consumption practices and plays a critical role in
protecting social welfare (Peri 2006).

Within this framework, milk is regarded as a basic and strategic
food product due to its high nutritional value and widespread
consumption worldwide (Polat et al. 2021). However, milk’s sus-
ceptibility to microbial spoilage and adulteration necessitates the
effective and reliable implementation of quality control processes
(Azad and Ahmed 2016; Polat et al. 2021). Therefore, milk quality
assessment is considered a critical step in both safeguarding con-
sumer health and ensuring the reliability of the food supply chain
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(Murphy et al. 2016). Traditional milk quality control methods
rely on manual inspections, physical tests, and chemical analy-
ses, and often involve time-consuming, costly, and error-prone
procedures (Azad and Ahmed 2016). This situation creates signifi-
cant constraints in meeting the modern food industry’s increasing
demands for speed, accuracy, and sustainability.

Recent advances in data science and machine learning have
created significant opportunities for the automated, rapid, and
reliable assessment of milk quality (Sarveswaran et al. 2023;
Sunithamani et al. 2024). Studies in the literature demonstrate that
machine learning-based approaches can determine milk quality
with high accuracy while reducing operational costs (Sarveswaran
et al. 2023; Manisha and Jagadeeshwar 2023). These methods en-
hance the effectiveness of quality control processes by minimizing
human-induced errors. However, most of these high-performance
models operate as “black boxes” and fail to provide sufficient
explanations of their underlying decision-making mechanisms
(Ribeiro et al. 2016).

In application areas that directly affect public health, such as
food safety, high predictive accuracy alone is insufficient. It is also
essential that model decisions are transparent, interpretable, and
justifiable (Arrighi et al. 2025). Otherwise, the opacity of decision-
making processes may lead to trust issues and hinder the adoption
of AI-supported systems in real-world applications.
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In this context, Explainable Artificial Intelligence (XAI) ap-
proaches offer an important solution by rendering the decision-
making processes of machine learning models more transparent.
XAI methods enable the analysis of which variables influence
model outputs and to what extent, thereby increasing user trust
and ensuring decision verifiability (Ribeiro et al. 2016). The integra-
tion of XAI into food quality assessment systems allows domain
experts to interpret model results more reliably and enhances the
practical applicability of these systems (Arrighi et al. 2025; Chowd-
hury et al. 2024).

In this study, a comprehensive analysis of milk quality classifi-
cation was conducted using multiple machine learning algorithms,
based on fundamental milk quality parameters reported in the
literature. Random Forest (RF), k-Nearest Neighbors (KNN), Sup-
port Vector Classifier (SVC), Extreme Gradient Boosting (XGB),
Light Gradient Boosting Machine (LGBM), and Artificial Neural
Network (ANN) models were evaluated comparatively. Further-
more, the interpretability of model decisions was enhanced using
XAI techniques, namely LIME and SHAP, through which critical
variables influencing milk quality were examined in detail. In
particular, SHAP analyses revealed the contribution of each fea-
ture to the model predictions and their relative importance in the
decision-making process. The findings of this study are expected
to contribute to improving food safety in the dairy industry and to
supporting artificial intelligence-driven digital transformation pro-
cesses. The remainder of this article is organized as follows. Section
II reviews related studies on milk quality classification reported in
the literature. Section III describes the dataset, data preprocessing
procedures, and machine learning methods employed. Section IV
presents the experimental results and comparative model perfor-
mance analyses. Section V provides a comparative discussion of
the proposed approach with existing studies. Finally, the conclud-
ing section summarizes the main findings and offers recommenda-
tions for future research.

LITERATURE REVIEW

The rapid, objective, and reproducible assessment of milk quality is
of critical importance for food safety, consumer health, and quality
assurance in the dairy industry. Traditional chemical and micro-
biological analyses are often time-consuming, costly, and highly
dependent on operator expertise, which limits their effectiveness in
large-scale and real-time quality control processes. Consequently, a
growing body of research has emerged in recent years focusing on
machine learning, deep learning, explainable artificial intelligence
(XAI), Internet of Things (IoT), and blockchain-based approaches
for the classification and monitoring of milk quality.

In the literature, studies employing the milk quality grading
dataset published on the Kaggle platform have attracted particu-
lar attention. chaudhari2025machine compared various machine
learning algorithms, including Decision Trees, Random Forests,
and Support Vector Machines, to classify milk quality and eval-
uated model performance using standard classification metrics
such as accuracy, precision, recall, and F1 score. Similarly, Bhavsar
et al. (2023) conducted a detailed analysis of Random Forest and
SVM models on the same dataset and demonstrated that Ran-
dom Forest achieved superior accuracy and generalization perfor-
mance following appropriate preprocessing and label encoding.
Another study Samad et al. (2024) compared KNN with its en-
hanced variant, DW-KNN, for milk quality detection and reported
that the proposed method provided improved classification ca-
pability. Likewise, Shahzad et al. (2025), as well as Çelik (2022),
performed accuracy-oriented evaluations by comparing multiple

classification algorithms on the Kaggle milk dataset. A common
characteristic of these studies is the use of a relatively small but
well-defined dataset to demonstrate that milk quality can be auto-
matically classified into low, medium, and high categories.

More recent studies have shifted their focus beyond classifica-
tion performance to the interpretability of model decision-making
processes. Çetintav and Yalçın (2025) performed milk quality clas-
sification using Random Forest and HistGradientBoost models on
the Kaggle dataset and subsequently integrated XAI techniques
such as LIME and Permutation Feature Importance to analyze
the contributions of key features, including pH, temperature, and
taste, both globally and at the instance level. This approach not
only delivered high predictive performance but also provided
an explainable framework that transparently revealed the factors
underlying milk quality decisions.

At a more advanced methodological level, Kurtanjek (2024) ad-
dressed the limitations of correlation-based models by employing
causal artificial intelligence approaches. Using Bayesian networks
and structural causal modeling, the study investigated causal re-
lationships among factors influencing milk quality, thereby con-
tributing not only to predictive accuracy but also to a deeper under-
standing of the underlying mechanisms driving quality outcomes.
Veena and Poovammal (2025) proposed a hybrid approach com-
bining Principal Component Analysis (PCA) and decision trees
with robust scaling to mitigate the effects of outliers. In another
study (Tolba et al. 2024), a deep learning model integrating GRU
and ResNet architectures was evaluated on a milk quality dataset,
demonstrating the potential of advanced neural network-based
approaches.

Beyond chemical and physicochemical parameters, several stud-
ies have addressed milk quality from supply chain and traceabil-
ity perspectives. Manisha and Jagadeeshwar (2023) introduced a
blockchain-supported traceability framework that integrates IoT,
blockchain, and deep learning components to ensure transparent
and immutable tracking of quality and safety information through-
out the food supply chain. Similarly, Goyal et al. (2024) devel-
oped an AI- and IoT-based multi-sensor system for detecting and
classifying milk adulteration, a critical challenge in milk quality
assurance; SHAP was employed to enhance the interpretability of
model decisions.

Spectroscopic and image-based techniques have also played a
significant role in milk quality assessment. One study Thanasirikul
et al. (2023) utilized color sensor data derived from the rezazurin
test to rapidly classify raw milk quality using SVM. Tahtali (2020)
examined milk quality based on somatic cell count and composi-
tional parameters in raw milk samples, analyzing the impact of
increasing somatic cell levels from a machine learning perspective.
Neto et al. (2019) achieved high accuracy in detecting milk adulter-
ation and contamination by combining Fourier-transform infrared
(FTIR) spectroscopy data with a customized convolutional neural
network architecture. Mhapsekar et al. (2025) provided a com-
prehensive review of studies published between 2012 and 2023,
comparing machine learning and deep learning approaches for
milk quality assessment in terms of data types, methodologies,
performance metrics, and emerging research trends.

Despite the extensive literature, studies focusing specifically
on the Kaggle milk quality grading dataset that systematically de-
fine preprocessing procedures, evaluate multiple machine learning
algorithms under fair and consistent conditions, and comprehen-
sively analyze feature importance and decision-making processes
within an XAI framework remain limited. This gap highlights the
need for more robust and transparent methodological approaches
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that achieve both high classification accuracy and strong inter-
pretability in milk quality assessment.

MATERIAL AND METHOD

The methodology adopted in this study is based on the systematic
execution of the fundamental stages of the experimental work-
flow. The process begins with data acquisition, followed by data
preprocessing, exploratory analysis of data distributions, and par-
titioning of the dataset into training and test subsets. After model
training and hyperparameter optimization using the training data,
the models are evaluated and compared on the test data to identify
those with the highest predictive performance. In the final stage,
the decision-making mechanisms of the selected models are an-
alyzed using Explainable Artificial Intelligence (XAI) techniques
based on LIME and SHAP, and the key features influencing model
predictions are examined in detail.

Data Set
In this study, the Milk Quality Dataset published on the Kaggle
open data platform was used to develop machine learning models
for milk quality classification (Shrijayan (cpluzshrijayan) n.d.). The
dataset comprises a total of 1,059 samples, each representing a
milk sample described by physical and sensory quality measure-
ments. The data were collected through manual observations by
researchers and shared under an open data license (“EU ODP Le-
gal Notice”) (Çetintav and Yalçın 2025; Manisha and Jagadeeshwar
2023). The dataset includes seven independent variables that char-
acterize the physical and sensory properties of milk, along with a
target variable (Grade) representing overall milk quality:

• pH: Acidity level of milk (numerical; range: 3.0–9.5).
• Temperature: Sample temperature in °C (numerical; range:

34–90).
• Taste: Indicator of taste quality (0 = poor, 1 = good).
• Odor: Indicator of odor quality (0 = poor, 1 = good).
• Fat: Presence of fat content (0 = absent, 1 = present).
• Turbidity: Turbidity level (0 = low, 1 = high).
• Color: Color intensity of the sample (numerical; range:

240–255).

The target variable Grade is categorized into three classes based
on sensory and physical criteria: Low (Bad), Medium (Moderate),
and High (Good). Although the dataset primarily consists of bi-
nary variables, the inclusion of continuous features such as pH,
temperature, and color enables the application of both classical
machine learning algorithms and explainable artificial intelligence
(XAI) techniques [3]. Owing to its open-access nature and the in-
clusion of parameters widely regarded as critical for milk quality
assessment, this dataset provides a suitable and well-established
basis for machine learning-based classification and model inter-
pretability studies.

Data Preparation
In this study, a systematic preprocessing pipeline was applied to
the dataset to enhance the reliability and generalizability of the
machine learning models. In the initial stage, the dataset was
inspected for missing values and data type inconsistencies. No
missing observations were identified, and all variables were con-
firmed to have data types suitable for analysis. A detailed exam-
ination revealed that a substantial proportion of the samples in
the dataset consisted of duplicate records. When these duplicate
records were removed, the number of unique samples decreased

markedly, which significantly constrained the statistical represen-
tativeness of the dataset and the learning capacity of the models.
Therefore, to avoid data loss, duplicate records were retained; how-
ever, to prevent data leakage, group-based splitting strategies were
employed during the model evaluation phase. This strategy en-
sured that duplicate records corresponding to the same original
sample did not appear simultaneously in both the training and test
sets. During the modeling process, label encoding was applied to
the target variable, Grade. As most of the independent variables
are binary, feature scaling was applied exclusively to the continu-
ous variables—pH, Temperature, and Color. These variables were
normalized to the [0,1] range using Min–Max normalization. The
Min–Max scaling procedure is defined as follows:

Xscaled =
X − min(X)

max(X)− min(X)
(1)

Here, Xscaled denotes the scaled (normalized) value, X rep-
resents the original value, min(X) and max(X) correspond to the
minimum and maximum values of the feature across the entire
dataset, respectively. This normalization strategy is adopted to pre-
vent differences in feature scales from adversely affecting model
performance, particularly for distance-based algorithms such as
k-nearest neighbors, support vector machines, and logistic regres-
sion.

An examination of class proportions in the dataset revealed no
significant class imbalance. The class distributions in the training
and test sets are illustrated in Fig. 1. Accordingly, neither over-
sampling nor undersampling techniques were applied, in order to
avoid introducing bias into the model learning process through ar-
tificial data manipulation. As a result of these preprocessing steps,
the dataset was rendered suitable for training machine learning
models and for conducting explainability analyses.

Figure 1 Distribution of class labels in the training and test datasets

Models Preparation

In this study, machine learning models with diverse structural char-
acteristics were evaluated for milk quality classification. Within
the scope of the comparative analysis, RF, KNN, SVC, XGB, LGBM,
and ANN models were employed. Following an initial assessment
using baseline hyperparameter settings, hyperparameter optimiza-
tion was conducted to enhance model performance. GridSearchCV
was adopted as a conventional baseline approach for optimiza-
tion within limited and discrete hyperparameter spaces. However,
due to the high computational cost and the exhaustive nature of
grid-based search particularly in continuous and high-dimensional
parameter spaces a more flexible and computationally efficient op-
timization strategy was required.

Accordingly, Particle Swarm Optimization (PSO)-based hyper-
parameter tuning was applied, particularly to tree-based models
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(RF, XGB, and LGBM) and ANN architectures. PSO is a population-
based heuristic optimization algorithm that facilitates rapid con-
vergence toward global optima in complex and continuous search
spaces. By iteratively updating candidate solutions (particles)
based on both individual best positions and the global best solu-
tion, PSO enables a more efficient exploration of the hyperparame-
ter space compared to grid-based methods. During the hyperpa-
rameter optimization process, both accuracy and macro-averaged
F1 score were jointly considered as performance metrics. While
accuracy reflects overall classification performance, the macro-F1
score assigns equal importance to each class, thereby mitigating
potential biases arising from class distribution differences. All
optimization procedures were conducted in accordance with the
group-based data splitting strategy implemented to prevent data
leakage caused by repeated samples. The optimal hyperparameter
configurations obtained for each model are reported in Table 1.

Evaluation Criteria
To comprehensively and reliably evaluate the performance of the
classification models developed in this study, four widely used
performance metrics were considered: accuracy, precision, recall,
and F1 score. Accuracy represents the overall performance of a
model and is defined as the ratio of correctly classified instances
to the total number of instances. However, accuracy alone may be
insufficient in scenarios involving class imbalance or when certain
classes are of greater importance. Precision evaluates the extent of
false positive predictions by indicating the proportion of instances
predicted as positive that are actually correct. Recall, in contrast,
captures the impact of false negatives by measuring the proportion
of true positive instances that are correctly identified. The F1
score, which provides a balance between precision and recall, is
defined as the harmonic mean of these two metrics and enables
a more robust comparison of model performance across classes
(Chaudhari et al. 2025; Horasan et al. 2019). The mathematical
definitions of these performance metrics are provided in Equations
(2)–(5).

Accuracy =
True Positives + True Negatives

Total Instances
(2)

Recall =
True Positives

True Positives + False Negatives
(3)

Precision =
True Positives

True Positives + False Positives
(4)

F1 Score = 2 × Precision × Recall
Precision + Recall

(5)

In addition to these quantitative metrics, a confusion matrix
was employed to analyze model performance on a per-class basis
in greater detail. The confusion matrix offers a visual represen-
tation of correct and incorrect predictions for each class, thereby
clearly illustrating the strengths and weaknesses of the models
with respect to individual class predictions.

Explainable Artificail Intelligent
In this study, the classification model that achieved the highest
performance during the evaluation was selected for the analysis of
the explainability. To enhance the transparency and interpretability
of the decision-making mechanism of the selected model, two
Explainable Artificial Intelligence (XAI) techniques, LIME and
SHAP were jointly employed.

Due to its model-agnostic nature, the LIME method constructs
a local linear approximation around a specific instance, thereby
revealing which features influence individual predictions and in
which direction. This capability provides a substantial advantage,
particularly in interpreting and justifying instance-level predic-
tions and in understanding the behavior of the model in specific
samples (Ribeiro et al. 2016; Chowdhury et al. 2024).

The SHAP method, in contrast, leverages Shapley values de-
rived from cooperative game theory to quantitatively estimate the
contribution of each feature to the model output, offering explana-
tions at the global level. This enables a systematic assessment of
the variables that shape the overall decision structure of the model
and their relative importance throughout the dataset (Sermmany
et al. 2024; Shapley 1953).

By combining LIME and SHAP, it becomes possible to explain
both local (instance-level) and global (model-level) behaviors of the
selected classifier. Consequently, instead of simply reporting high
performance metrics, the decision-making processes of the model
are examined within a comprehensive and scientifically grounded
explainability framework, thus substantially strengthening the
interpretability of the proposed approach.

EXPERIMENTAL RESULTS

Models Performance
In this study, various machine learning models were evaluated for
milk quality classification, and their performance was compared
using accuracy, macro-precision, macro-recall, and macro-F1 score
metrics. The obtained results are summarized in Table 2.

An examination of Table II shows that the XGB and LGBM
models optimized using PSO achieved the highest performance
across all evaluation metrics. In particular, the XGB(PSO) model
emerged as a representative high-performing model, achieving
a test accuracy of 89.1 % and a Macro-F1 score of 0.8777. These
findings indicate that boosting-based methods are capable of effec-
tively modeling the complex and non-linear relationships inherent
in milk quality data.

Although RF(PSO) and ANN(PSO) demonstrated moderate
performance, the LR, KNN, and SVC models optimized via Grid
Search showed notably lower results in comparison. The rela-
tively low Macro-F1 scores of these models suggest limitations
in maintaining balanced performance across classes. Overall, the
results highlight that PSO-based hyperparameter optimization
substantially enhances classification performance, particularly for
ensemble and boosting-based models.

Fig. 2 illustrates the confusion matrices obtained on the test
dataset for the PSO-optimized XGB, RF, and ANN models. The
XGB(PSO) model correctly classifies the high and low classes with-
out error, whereas a limited number of medium class instances
are misclassified as high. In contrast, the RF(PSO) and ANN(PSO)
models exhibit a more pronounced confusion between the medium
and high classes. These observations further support the superior
inter-class discrimination capability of the XGB model and are
consistent with the higher Macro-F1 score reported in Table 2.

XAI Results
To enhance the transparency of the proposed classification frame-
work, explainable artificial intelligence (XAI) techniques were em-
ployed to analyze both global and local decision mechanisms of the
optimized XGBoost model. In this context, SHAP was adopted as
the primary explanation method, while LIME was used to provide
complementary local verification.
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■ Table 1 est Hyperparameters and Optımızatıon Methods Selected for the Compared Models

Model Optimization Best hyperparameters

Logistic Regression Grid Search C=100, solver=lbfgs

KNN Grid Search n_neighbors=3, p=2, weights=distance

SVM (RBF) Grid Search C=100, gamma=scale, kernel=rbf

Random Forest PSO n_estimators=353, max_depth=14, min_samples_split=2, min_samples_leaf=1

XGBoost PSO n_estimators=588, max_depth=9, learning_rate≈0.243, subsample≈0.675, colsample_bytree≈0.957,
reg_lambda≈2.70

LightGBM PSO n_estimators=231, num_leaves=104, learning_rate≈0.295, min_child_samples=31, subsample≈0.657,
colsample_bytree≈0.913

ANN (MLP) PSO hidden_layer_sizes=(87,), alpha≈ 6.1 × 10−4, learning_rate_init≈0.0118

■ Table 2 Performance Table

Model Test_Accuracy Test_MacroPrecision Test_MacroRecall Test_MacroF1

XGB(PSO) 0.891089 0.895238 0.898148 0.877744

LGBM(PSO) 0.891089 0.895238 0.898148 0.877744

RF(PSO) 0.811881 0.852713 0.845528 0.804944

ANN(PSO) 0.782178 0.834028 0.807588 0.781656

LR(Grid) 0.594059 0.766026 0.653117 0.596633

KNN(Grid) 0.594059 0.766026 0.653117 0.596633

SVC(Grid) 0.594059 0.691135 0.653117 0.581848

Figure 2 Confusion matrices obtained on the test dataset for the PSO-optimized XGB, RF, and ANN models.

Figure 3 presents the global feature importance derived from
mean absolute SHAP values. The results indicate that pH, Fat,
and Temperature are the most influential variables in the model’s
decision process, followed by Odor, Colour, Turbidity, and Taste.

This ranking demonstrates that physicochemical properties of milk,
particularly acidity level and fat content, play a dominant role
in quality grade discrimination. Compared to discrete sensory-
related attributes, continuous physicochemical features exhibit
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stronger and more stable contributions.

Figure 3 SHAP Global Feature Importance Based on Mean Abso-
lute SHAP Values.

While global importance rankings reveal which features matter
most, they do not capture how feature values influence class pre-
dictions. To address this, Figure 4 illustrates the SHAP summary
(beeswarm) plot for the most frequently observed class. In this
visualization, each point represents an individual sample, colored
according to its feature value. Positive SHAP values indicate an
increased likelihood of the target class, whereas negative values
reduce the corresponding class score. The plot reveals that pH, Fat,
and Temperature not only have high importance but also exhibit
bidirectional effects, depending on their observed values. This be-
havior highlights their role in defining class boundaries rather than
acting as monotonic predictors. These findings underline that milk
quality assessment is governed by complex feature interactions,
where identical variables may support different class outcomes
under varying conditions.

Figure 4 SHAP Summary (Beeswarm) Plot for the Most Frequent
Class.

To further investigate the model’s decision-making process at
the instance level, a local SHAP analysis was conducted on a mis-
classified test sample. Figure 5 shows the SHAP waterfall plot for
an instance whose true label was medium but was predicted as
high. The visualization reveals that Fat, Colour, Taste, and Temper-
ature contributed positively toward the high class prediction, while
pH and Odor exerted negative influence. Despite the presence of
counteracting signals, the cumulative positive contributions out-
weighed the negative effects, resulting in an incorrect classification.

This example demonstrates how borderline samples located near
class boundaries may be sensitive to competing feature contribu-
tions, leading to misclassification even in high-performing models.

Figure 5 Local SHAP Explanation of a Misclassified Test Instance.

To validate the reliability of the SHAP-based interpretations, a
LIME local explanation was generated for the same test instance.
Figure 6 presents the LIME explanation for the predicted high
class. Consistent with the SHAP analysis, LIME identified Fat,
Colour, Taste, and Temperature as positive contributors to the high
class, while pH and Odor acted as negative factors. The agreement
between SHAP and LIME reinforces the robustness of the observed
explanations and confirms that the model’s local decision logic is
not dependent on a single interpretability method.

Figure 6 LIME Local Explanation for the Predicted High Class.

Overall, the combined global and local XAI analyses demon-
strate that the proposed model relies on meaningful and domain-
consistent features when assessing milk quality. The use of group-
based data splitting ensures that these explanations are not affected
by data leakage, thereby increasing their reliability. Moreover, the
consistency between SHAP and LIME interpretations supports
the transparency and trustworthiness of the model, particularly
in borderline cases where classification uncertainty is inherently
higher.

COMPARISON WITH RELATED STUDIES

When compared with existing studies in the literature on milk
quality classification, the approach proposed in this study exhibits
notable differences, particularly with respect to data preprocessing
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strategies, and highlights several common methodological gaps.
The vast majority of the reviewed studies rely on the same pub-
licly available dataset obtained from Kaggle (1,059 samples with
7 features) and adopt similar preprocessing assumptions, largely
due to the absence of missing values in the dataset. However,
the presence of duplicate records an issue that is critical for data
integrity and the reliability of model evaluation and the manner in
which such records are handled are not explicitly reported in most
studies (Bhavsar et al. 2023; Çetintav and Yalçın 2025; Shahzad
et al. 2025; Çelik 2022; Mu et al. 2020; Samad et al. 2024; Kurtanjek
2024). Only Study 1 reports the identification and direct removal
of duplicate samples from the dataset.

The analyses conducted in the present study revealed a sub-
stantial number of duplicate records within the dataset. It was
determined that directly eliminating these records could signif-
icantly reduce the representativeness of the data and adversely
affect the learning capacity of the models. To address this issue,
group-based data partitioning strategies were employed to pre-
vent data leakage while preserving the full set of available samples.
This strategy ensured that duplicate instances originating from the
same source did not appear simultaneously in both the training
and test sets, thereby enabling a more realistic and reliable evalu-
ation of model performance. To the best of our knowledge, none
of the existing studies in the literature explicitly address duplicate
data management at this level.

With respect to feature scaling, Min–Max normalization is com-
monly adopted in the literature (Bhavsar et al. 2023; Çetintav and
Yalçın 2025; Shahzad et al. 2025; Samad et al. 2024), while Stan-
dardScaler is preferred in (Chaudhari et al. 2025; Tolba et al. 2024),
and (Kumari et al. 2023), Robust Scaling is applied only in (Veena
and Poovammal 2025). In contrast, the present study adopts a
targeted preprocessing strategy in which scaling is not applied to
binary variables, and Min–Max normalization is used exclusively
for continuous features such as pH, temperature, and color. This
selective approach aims to improve the performance of distance-
based algorithms while avoiding unnecessary transformations of
discrete sensory-related attributes.

Different strategies have also been reported in the literature to
address potential class imbalance. While SMOTE is employed in
(Tolba et al. 2024), balance is achieved through strategic sample se-
lection in (Çelik 2022), and (Çetintav and Yalçın 2025) reports that
the dataset is inherently balanced. In the distribution analyses con-
ducted in this study, no significant class imbalance was detected.
Consequently, oversampling or undersampling techniques were
not applied in order to avoid introducing additional bias through
artificial manipulation of the data distribution.

A systematic comparison of the proposed methodology with
related studies is provided in Table 3. As summarized in the ta-
ble, most existing studies do not explicitly report how duplicate
records are handled, nor do they apply selective scaling strategies
or group-based data partitioning. In contrast, the proposed ap-
proach integrates these steps in a unified preprocessing framework,
highlighting its methodological distinctiveness.

When the accuracy comparisons presented in Table 4 are ex-
amined, it becomes evident that many of the high performance
values reported in the literature are obtained without explicitly
addressing duplicate data management or potential data leakage
risks. In contrast, the cautious and controlled preprocessing strat-
egy adopted in this study results in lower accuracy values for some
models; however, these results are considered to more accurately
reflect real-world generalization performance, as they are obtained
under strict data leakage control conditions.

Overall, this study introduces a minimalist and reliability-
oriented preprocessing philosophy by prioritizing duplicate-aware
data partitioning, avoiding unnecessary scaling operations, and
refraining from artificial data balancing techniques. Future stud-
ies may further investigate the origins of duplicate samples (e.g.,
repeated measurements or data acquisition artifacts) and system-
atically evaluate the impact of different normalization strategies
on model stability and robustness.

CONCLUSION

This study comparatively evaluates the classification performance
of various supervised machine learning algorithms using an open-
access milk quality dataset. The primary objective of the study is to
move beyond approaches that focus solely on high accuracy values
and to present a holistic methodological framework that jointly
considers the reliability of data preprocessing, the validity of model
evaluation, and the interpretability of decision-making processes.
The findings indicate that, particularly in datasets containing re-
peated samples derived from the same source, data leakage can
artificially inflate model performance. Accordingly, instead of di-
rectly removing duplicate records, group-based data partitioning
strategies were employed to prevent data loss while preserving
the models’ ability to generalize to unseen data. Through this
approach, models were evaluated under more realistic conditions,
and attention was drawn to an important methodological issue
that is frequently overlooked in the literature.

During the data preprocessing stage, scaling was applied ex-
clusively to the necessary continuous variables, and artificial re-
sampling techniques were deliberately avoided for a dataset that
exhibited no class imbalance. This targeted and controlled data
preparation strategy highlights that, especially for datasets with a
high proportion of duplicate samples, detailed data analysis and
informed preprocessing decisions are as critical as the choice of
learning algorithm itself. The modeling results demonstrate that
tree-based and boosting-based models optimized using Particle
Swarm Optimization (PSO) achieve more balanced and consis-
tent performance in milk quality classification. These findings
suggest that PSO-based hyperparameter optimization provides a
more efficient and effective search process in high-dimensional and
continuous parameter spaces compared to traditional grid-based
approaches.

To move beyond predictive performance, explainable artifi-
cial intelligence (XAI) techniques were employed to analyze the
decision-making processes of the models. Using LIME and SHAP,
physicochemical attributes such as pH, fat content, and temper-
ature were identified as key determinants in milk quality predic-
tion. This analysis enables model outputs to be evaluated not
only through numerical performance metrics but also in an in-
terpretable and well-justified manner. In conclusion, this study
presents a reliable, transparent, and methodologically sound ma-
chine learning framework for milk quality classification by jointly
addressing duplicate data management, data leakage prevention,
targeted data preprocessing, hyperparameter optimization, and
explainability analysis.

Future studies aim to further investigate the impact of explain-
able AI analyses across different model architectures and data
partitioning strategies, as well as to evaluate the contribution of
duplicate-aware data management approaches to generalization
performance on larger and more diverse milk quality datasets.
In addition, future work may explore the integration of domain
knowledge and sensor-level metadata to further enhance inter-
pretability and robustness.
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■ Table 3 Comparison of the Proposed Approach with Related Studies in the Literature

Articles Missing Value Check Scaling Method Duplicate Handling Dimension Reduction Class Imbalance Anal-
ysis

(Chaudhari et al. 2025) + StandardScaler +(removed, impact of
data reduction not re-
ported)

- -

(Bhavsar et al. 2023) + Min–Max - - -

(Çetintav and Yalçın 2025) + Min–Max - - +(balanced)

(Samad et al. 2024) + Min–Max - - +(balanced)

(Veena and Poovammal 2025) + Robust Scaling - + (PCA) -

(Tolba et al. 2024) + StandardScaler - - -(imbalanced –
SMOTE)

(Kumari et al. 2023) + StandardScaler +(no duplicate values
present)

+ (PCA) -

Ours + Min–Max(continuous
only)

+(group-based,
leakage-aware)

- +(balanced, no resam-
pling)

■ Table 4 Accuracy Comparison with Related Studies in the Literature

Model \ Articles (Chaudhari
et al. 2025)

Bhavsar et al.
(2023)

(Çetintav and
Yalçın 2025)

(Samad et al.
2024)

(Veena and
Poovammal
2025)

(Tolba et al.
2024)

(Kumari et al.
2023)

Ours

Logistic Regression 0.36 - - - 0.60 - 0.8490 0.5941

Random Forest 0.99 0.92 0.995 - 0.75 0.914 0.9968 0.8119

SVM - 0.57 0.566 - 0.75 0.868 0.9528 0.5941

KNN 0.98 - 0.985 0.985 - - 0.9968 0.5941

ANN / MLP 0.45 - - - - 0.933 - 0.7822

XGBoost - - 0.973 - - - - 0.8911

LightGBM - - 0.970 - - - - 0.8911
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