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ABSTRACT The numerical investigation of fractional-order chaotic systems is computationally demanding due to the long-memory
effect of fractional derivatives and the need for small integration step sizes. In particular, computing bifurcation diagrams and Lyapunov
exponent spectra over wide parameter ranges becomes time-consuming when conventional serial for-loop implementations are used. In
this study, a parallel computational approach is proposed for the simultaneous extraction of bifurcation diagrams and Lyapunov exponents
of fractional-order chaotic systems. For each parameter value, the system equations and the corresponding variational equations are
integrated simultaneously, while periodic Gram–Schmidt reorthonormalization is applied for Lyapunov exponent estimation. MATLAB’s
parfor structure is employed to distribute independent parameter realizations across multiple workers. The proposed approach is
validated using the commensurate fractional-order Lorenz system with q1 = q2 = q3 = 0.99, where the bifurcation parameter β is varied
over [1, 10]. The obtained bifurcation structures are consistent with the sign variation of the largest Lyapunov exponent, confirming
the transition between chaotic and regular regimes. The serial and parallel implementations produce numerically identical Lyapunov
spectra within the reported precision, indicating that the proposed parallelization strategy preserves the dynamical outputs of the
corresponding serial computation. In terms of computational performance, the serial implementation required 6617.57 s, whereas the
parallel implementation completed the same analysis in 1473.20 s, corresponding to a speed-up of approximately 4.49× with a parallel
efficiency of 74.87%. In addition, an incommensurate fractional-order case with q1 = 0.99, q2 = 0.98, and q3 = 0.97 was tested,
where the parallel implementation produced the same largest Lyapunov exponent curve as the serial implementation while reducing the
computation time from 6843.45 s to 1974.79 s. These results show that the proposed parfor-based approach is a numerically consistent
and computationally efficient tool for high-resolution bifurcation and Lyapunov exponent analyses of fractional-order chaotic systems.
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INTRODUCTION

Chaotic systems have attracted significant attention over the past
decades due to their rich nonlinear dynamics and wide range
of applications in engineering, physics, secure communications,
power systems, and signal processing. Classical integer-order
chaotic systems, such as the Lorenz, Chen, and Chua systems, have
been extensively investigated, and their dynamical behaviors are
now well understood (Lorenz 1963; Chen and Ueta 1999; Chua et al.
1986). However, it has been shown that many real-world physical
processes exhibit memory and hereditary properties that cannot
be accurately modeled using integer-order derivatives, motivating
the use of fractional-order calculus in dynamical system modeling
(Gökyıldırım 2023).
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Fractional-order chaotic systems provide a more general and
flexible framework for describing complex dynamics, as the frac-
tional derivative order introduces an additional degree of freedom
that significantly influences system stability, bifurcation structures,
and chaotic behavior (Hosbas et al. 2025). In recent years, numer-
ous fractional-order chaotic and hyperchaotic systems have been
proposed, and their applications have expanded to secure commu-
nications, image encryption, control design, and renewable energy
systems (Gokyildirim et al. 2024). Despite these advantages, the
numerical analysis of fractional-order systems remains computa-
tionally challenging due to the long-memory effect inherent in
fractional derivatives.

Among the most important tools for characterizing the dynam-
ics of chaotic systems are bifurcation diagrams and Lyapunov
exponent spectra. Bifurcation analysis reveals qualitative changes
in system behavior as control parameters vary, while Lyapunov
exponents provide a quantitative measure of sensitivity to initial
conditions and are widely regarded as a definitive indicator of
chaos (Wolf et al. 1985). For fractional-order systems, the com-
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putation of these indicators requires fine integration step sizes
and long simulation horizons to ensure numerical accuracy, which
substantially increases computational cost (Zhou et al. 2025).

Recent computational studies typically construct bifurcation di-
agrams by performing independent numerical simulations for suc-
cessive parameter values using conventional MATLAB for-loop
implementations (Ontañón-García et al. 2025). Likewise, sequential
for-loop strategies remain the standard approach for computing
Lyapunov exponent spectra of fractional-order systems through re-
peated integration of the extended state and variational equations
(Danca and Kuznetsov 2018; Li et al. 2023). As a result, bifurcation
analysis and Lyapunov exponent estimation are generally carried
out independently in separate for loops, leading to repeated nu-
merical integration of the same dynamical system. While such
implementations are straightforward, they become prohibitively
time-consuming when high-resolution parameter scans, long sim-
ulation horizons, or small integration step sizes are required, as is
typically the case for fractional-order chaotic systems. This limita-
tion restricts large-scale parametric investigations and motivates
the development of more computationally efficient analysis frame-
works.

Motivated by these challenges, this paper proposes a parallel
computational framework for the simultaneous extraction of bi-
furcation diagrams and Lyapunov exponents of fractional-order
chaotic systems. By exploiting MATLAB’s parfor parallel loop,
independent parameter realizations are distributed across mul-
tiple computational workers, enabling significant reductions in
execution time compared to classical serial implementations. The
proposed approach preserves numerical accuracy and dynamical
consistency while offering substantial computational speed-up,
making it particularly suitable for large-scale parameter studies
and high-resolution dynamical analysis of fractional-order chaotic
systems.

NUMERICAL FRAMEWORK FOR FRACTIONAL-ORDER
CHAOS ANALYSIS

Fractional-order chaotic systems are characterized by intrinsic
memory effects, which require numerical schemes capable of accu-
rately approximating nonlocal fractional derivatives. In this study,
the Grünwald–Letnikov (GL) definition is adopted due to its di-
rect discrete-time implementation and suitability for long-time
integration in chaos analysis.

The Grünwald–Letnikov fractional derivative of order q ∈ (0, 1]
for a function x(t) is defined as (Emin et al. 2024)

Dqx(t) = lim
h→0

1
hq

⌊t/h⌋

∑
j=0

(−1)j
(

q
j

)
x(t − jh), (1)

where the binomial coefficients are given by(
q
j

)
=

Γ(q + 1)
Γ(j + 1)Γ(q − j + 1)

. (2)

Let
tn = nh, xn = x(tn), n = 0, 1, 2, . . . , (3)

where x0 = x(0) denotes the initial condition. At the discrete time
instant tn, the Grünwald–Letnikov approximation becomes

Dqx(tn) ≈
1
hq

n

∑
j=0

cjxn−j, (4)

where the signed Grünwald–Letnikov coefficients are computed
recursively as

c0 = 1, cj =

(
1 − 1 + q

j

)
cj−1, j ≥ 1. (5)

To match the numerical implementation, the state equations
are advanced sequentially using the most recently available state
components. Let

un =

[
u1,n u2,n · · · um,n

]T
(6)

denote the state vector at tn. For the ith state component, define

ûi,n =

[
u1,n, . . . , ui−1,n, ui,n−1, . . . , um,n−1

]T
, (7)

which contains the newly computed values of the preceding state
components and the previous-step values of the remaining compo-
nents. The sequential Grünwald–Letnikov update is then written
as (Khennaoui et al. 2018)

ui,n = hqi fi
(
ûi,n

)
−

n

∑
j=1

ci,jui,n−j, i = 1, . . . , m, n ≥ 1. (8)

The last term of the memory summation is ci,nui,0, showing that the
initial condition is retained throughout the simulation. This com-
ponentwise procedure is a sequential, Gauss–Seidel-type update:
no nonlinear algebraic system is solved, but each newly calculated
state component is used immediately in the subsequent state equa-
tions. In the MATLAB implementation, the mathematical sample
ui,n is stored as u_i(n+1) because MATLAB arrays use one-based
indexing.

The commensurate fractional-order Lorenz system considered
in this study is defined as

Dq1 x(t) = σ
(
y(t)− x(t)

)
,

Dq2 y(t) = ρx(t)− y(t)− x(t)z(t),
Dq3 z(t) = x(t)y(t)− βz(t).

(9)

where x(t), y(t), and z(t) are the state variables, σ and ρ are fixed
system parameters, and β is selected as the bifurcation parameter.
In the main numerical experiments, the commensurate fractional-
order case q1 = q2 = q3 = 0.99 is used with σ = 16 and ρ =
45.92. The parameter β is varied over the interval [1, 10] in order
to examine the transition between chaotic and regular dynamical
regimes.

Here, the fractional orders qi control the memory strength of
each state equation. When qi = 1, the model reduces to the classical
integer-order Lorenz system, whereas qi < 1 introduces fractional
memory effects into the corresponding state dynamics.

Applying the sequential Grünwald–Letnikov update in Eq. (8)
in the order xn, yn, and zn, the fractional-order Lorenz system is
discretized as

xn = hq1 σ
(
yn−1 − xn−1

)
−

n

∑
j=1

c1,jxn−j, (10)

yn = hq2
(
ρxn − yn−1 − xnzn−1

)
−

n

∑
j=1

c2,jyn−j, (11)

zn = hq3
(

xnyn − βzn−1
)
−

n

∑
j=1

c3,jzn−j, (12)
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Here, ci,j denotes the jth Grünwald–Letnikov coefficient associated
with the fractional order qi. Equation (10) is evaluated first using
the state values at tn−1. The resulting value xn is then used in
Eq. (11), and the newly obtained values xn and yn are subsequently
used in Eq. (12). This sequential calculation order is identical to
that employed in the MATLAB implementation.

To compute the Lyapunov exponent spectrum, the original
fractional-order Lorenz system is augmented with its variational
system following the Jacobian-based procedure commonly em-
ployed for fractional-order systems (Danca and Kuznetsov 2018;
Li et al. 2023). Let

x(t) =
[

x(t) y(t) z(t)

]T
, (13)

and write the system in compact form as

Dqx(t) = f
(
x(t)

)
, q =

[
q1 q2 q3

]T
. (14)

The Jacobian matrix of the continuous Lorenz vector field is

J f
(
x(t)

)
=

∂f
∂x

=


−σ σ 0

ρ − z(t) −1 −x(t)

y(t) x(t) −β

 . (15)

Let

Φ(t) =


ϕ11(t) ϕ12(t) ϕ13(t)

ϕ21(t) ϕ22(t) ϕ23(t)

ϕ31(t) ϕ32(t) ϕ33(t)

 (16)

denote the fundamental matrix of the variational dynamics.
Following the Jacobian-based variational formulation used in
fractional-order Lyapunov exponent computation (Danca and
Kuznetsov 2018; Li et al. 2023), the variational system is expressed
as

DqΦ(t) = J f
(
x(t)

)
Φ(t), Φ(0) = I3. (17)

For the incommensurate case, the fractional derivative orders
q1, q2, and q3 act on the first, second, and third rows of Φ(t),
respectively. More explicitly, the first row of the variational system
is

Dq1 ϕ11 = σ(ϕ21 − ϕ11),

Dq1 ϕ12 = σ(ϕ22 − ϕ12),

Dq1 ϕ13 = σ(ϕ23 − ϕ13).

(18)

The second row is

Dq2 ϕ21 = (ρ − z)ϕ11 − ϕ21 − xϕ31,

Dq2 ϕ22 = (ρ − z)ϕ12 − ϕ22 − xϕ32,

Dq2 ϕ23 = (ρ − z)ϕ13 − ϕ23 − xϕ33.

(19)

The third row is

Dq3 ϕ31 = yϕ11 + xϕ21 − βϕ31,

Dq3 ϕ32 = yϕ12 + xϕ22 − βϕ32,

Dq3 ϕ33 = yϕ13 + xϕ23 − βϕ33.

(20)

For every independent parameter realization, the initial funda-
mental matrix is selected as

Φ(0) =


1 0 0

0 1 0

0 0 1

 , (21)

so that its columns initially form an orthonormal basis in the tan-
gent space. The state equations and the nine variational equations
therefore constitute a 12-dimensional extended fractional-order
system.

In the MATLAB implementation, each variational variable is
discretized using the same Grünwald–Letnikov memory coeffi-
cients as the corresponding state equation. Specifically, the vari-
ables ϕ1j, ϕ2j, and ϕ3j use the coefficient sequences associated with
q1, q2, and q3, respectively. Accordingly, the memory convolution
is applied to the variational variables rather than directly to the
entries of the Jacobian matrix. In the MATLAB implementation,
the nonlinear coefficients of the variational equations are evalu-
ated using the state samples from the previous integration step.
This evaluation rule is applied consistently to all nine variational
equations.

Due to exponential divergence of tangent vectors, peri-
odic re-orthonormalization is required. A Gram–Schmidt re-
orthonormalization (GSR) procedure Björck (1994) is applied every
N integration steps, where N is determined by the normalized
time interval hnorm. Let r denote the number of completed Gram–
Schmidt reorthonormalization intervals. The cumulative logarith-
mic growth rates are updated as

Cr = Cr−1 + ln
(
Er

)
, (22)

where Er contains the normalization factors obtained at the rth
reorthonormalization step. Since hnorm = Nh, the Lyapunov expo-
nents are estimated as

λi =
Ci,r

rhnorm
, i = 1, 2, 3. (23)

Gram–Schmidt reorthonormalization was performed throughout
the simulation, whereas the logarithmic growth factors were accu-
mulated only after the transient boundary at t = 30. The existence
of a positive largest Lyapunov exponent confirms chaotic behavior
(Ramar et al. 2024). For graphical presentation in this study, the
Lyapunov exponent values shown in the figures can be divided by
a constant factor, which does not affect their signs or zero-crossing
locations.

Bifurcation analysis is conducted by varying the parameter β
over the predefined interval. For every independent parameter
realization, the first 30% of the simulated samples are discarded
as transient. The local maxima of the remaining discrete state
sequence xn are then identified through direct comparison with
the two neighboring samples. The resulting set of extrema pro-
vides a detailed visualization of the system’s qualitative transitions
between periodic and chaotic regimes.

Implementation Details
Unless otherwise stated, all parameter realizations were initialized
using

x(0) =
[

x(0) y(0) z(0)

]T
=

[
20 10 50

]T
. (24)
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Each value of the bifurcation parameter β was simulated indepen-
dently using the same initial condition; therefore, the final state
obtained for one parameter value was not used to initialize the
next parameter realization. The simulations were performed over
t ∈ [0, 100] with the integration step size h = 10−3. The first 30% of
the computed trajectory, corresponding to t ∈ [0, 30], was treated
as transient and excluded from the bifurcation peak extraction.
Local maxima were identified directly from the discrete sequence
xn using the condition

xn−1 > xn−2, xn−1 > xn, (25)

without applying an additional peak-height or prominence thresh-
old. All post-transient local maxima satisfying this condition were
retained for construction of the bifurcation diagrams. The com-
plete MATLAB implementation of the proposed computational
framework is provided in Appendix ??. The source code includes
the parallel parameter sweep, Grünwald–Letnikov memory coef-
ficient generation, simultaneous integration of the state and vari-
ational equations, periodic Gram–Schmidt reorthonormalization,
Lyapunov exponent estimation, and bifurcation peak extraction.
The auxiliary functions used for the memory convolution and
reorthonormalization are also included to ensure reproducibility.
Note that the shared code is an extension of the code provided in
(Li et al. 2023).

PARALLEL COMPUTATION ADVANTAGE: PARFOR VS. SE-
RIAL FOR

The numerical analysis of fractional-order chaotic systems is in-
herently computationally intensive due to the nonlocal memory
effect of fractional derivatives (Calgan 2025). In the Grünwald–
Letnikov framework, each new state update requires a convolution
over all past states, resulting in a computational complexity that
grows quadratically with the simulation length. When bifurcation
diagrams and Lyapunov exponent spectra are computed through
parameter varying, this cost is further multiplied by the number
of parameter realizations.

In a conventional serial (for-loop based) implementation, the
total computational cost can be approximated as

Cserial = O
(
K · n2), (26)

where K denotes the number of parameter values in the bifurcation
diagram and n represents the number of time steps. This quadratic
growth arises from the Grünwald–Letnikov memory convolution,
while the multiplicative factor K reflects independent simulations
performed sequentially for each parameter value. Consequently,
high-resolution parameter scans or small integration step sizes
quickly become impractical under serial execution.

Parallel Parameter Decomposition Using parfor
An important observation exploited in this work is that param-
eter realizations in bifurcation and Lyapunov analyses are com-
pletely independent. This allows the parameter space to be de-
composed and distributed across multiple computational workers.
By employing MATLAB’s parfor construct, each worker executes
a full fractional-order simulation for a distinct parameter value,
including state propagation, Jacobian evolution, Gram–Schmidt
re-orthonormalization, and peak detection.

Under ideal load balancing, the effective computational cost of
the parallel implementation can be approximated as

Cparallel ≈ O
(

K
P
· n2

)
, (27)

where P denotes the number of available parallel workers. This
linear reduction with respect to P highlights the suitability of pa-
rameter varying chaos analysis for embarrassingly parallel compu-
tation.

Practical Speed-Up and Numerical Consistency
Unlike state-space parallelization strategies, which are generally
incompatible with fractional-order systems due to their long-
memory dependence, parameter-level parallelization preserves
numerical consistency. Each parallel worker maintains an inde-
pendent memory history, ensuring that the Grünwald–Letnikov
approximation and Lyapunov exponent computation remain iden-
tical to their serial counterparts.

The proposed parfor-based framework achieves significant
reductions in execution time while producing bifurcation diagrams
and Lyapunov spectra that are numerically indistinguishable from
those obtained via serial execution. This demonstrates that parallel
parameter decomposition is an effective and reliable strategy for
large-scale dynamical analysis of fractional-order chaotic systems.

Implications for High-Resolution Chaos Analysis
The computational efficiency gained through parallelization en-
ables the use of finer parameter steps, longer simulation horizons,
and smaller integration step sizes without prohibitive time costs.
As a result, subtle dynamical transitions and narrow chaotic win-
dows can be captured with higher fidelity. This advantage is
particularly critical for fractional-order systems, where numerical
accuracy and long-time integration are essential for reliable chaos
characterization.

RESULTS AND DISCUSSION

In this section, the effectiveness of the proposed parallel compu-
tational framework for bifurcation and Lyapunov exponent (LE)
analysis is evaluated using the commensurate fractional-order
Lorenz system. The system parameters are selected as σ = 16
and ρ = 45.92, while the bifurcation parameter β is varied over
the interval [1, 10] with a step size of 0.1. The main numerical
experiments are performed for the commensurate fractional-order
case q1 = q2 = q3 = 0.99. This configuration provides a fractional-
order benchmark close to the classical Lorenz dynamics while
incorporating the memory effect of the Grünwald–Letnikov formu-
lation. The same computational framework can also be applied to
incommensurate fractional-order systems without any structural
modification. To support this statement, an additional incommen-
surate case with different fractional orders assigned to the three
state equations was also evaluated. For both the commensurate
and incommensurate parameter scans, every β realization was
initialized from x(0) = [20, 10, 50]T, and the first 30% of each tra-
jectory was discarded before extracting the bifurcation extrema.

Bifurcation and Lyapunov Exponent Characteristics
The main numerical analysis was performed for the commensurate
fractional-order Lorenz system with q1 = q2 = q3 = 0.99. The
system parameters were fixed as σ = 16 and ρ = 45.92, while the
bifurcation parameter β was varied in the interval [1, 10] with a
step size of 0.1. Figure 1 presents the bifurcation diagram together
with the largest Lyapunov exponent λ1. The bifurcation diagram
was constructed by detecting the local maxima of the state variable
x(t) after eliminating the transient regime.

In the interval approximately corresponding to 1 ≤ β ≤ 5, the
bifurcation diagram exhibits dense and multi-branched structures.
In the same parameter region, the largest Lyapunov exponent
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remains positive, confirming the existence of chaotic dynamics.
After approximately β ≈ 5, λ1 rapidly approaches zero and then
becomes negative. This transition is accompanied by a significant
narrowing of the bifurcation branches, indicating a transition from
chaotic motion to regular or stable behavior. Therefore, the bifur-
cation structure and the largest Lyapunov exponent show strong
qualitative agreement.

Figure 1 Bifurcation diagram and the largest Lyapunov exponent λ1
of the commensurate fractional-order Lorenz system with q1 = q2 =
q3 = 0.99

Figure 2 shows the complete Lyapunov exponent spectrum
as a function of the bifurcation parameter β. The first exponent
λ1 remains positive over the chaotic parameter region, while the
second exponent λ2 stays close to zero and the third exponent
λ3 remains negative throughout the investigated interval. This
Lyapunov spectrum is consistent with the expected behavior of
a chaotic dissipative system and provides a quantitative confir-
mation of the dynamical transitions observed in the bifurcation
diagram.

Figure 2 Lyapunov exponent spectrum of the commensurate
fractional-order Lorenz system for q = [0.99, 0.99, 0.99]

To further illustrate the phase-space behavior in the chaotic
region, a representative three-dimensional phase portrait was ob-
tained for β = 4.60. This parameter value lies within the region
where the largest Lyapunov exponent is positive. As shown in

Fig. 3, the trajectory forms a broad double-wing attractor, which
supports the chaotic behavior identified by the Lyapunov exponent
analysis.

Figure 3 Three-dimensional phase portrait of the commensurate
fractional-order Lorenz system for q1 = q2 = q3 = 0.99 and
β = 4.60

The influence of the fractional derivative order was also ex-
amined by comparing the largest Lyapunov exponent curves for
q1 = q2 = q3 = 1.00, q1 = q2 = q3 = 0.99, and q1 = q2 = q3 =
0.98. As shown in Fig. 4, decreasing the fractional order shifts the
chaotic-to-regular transition toward lower β values. This result
indicates that the memory strength introduced by the fractional
derivative order has a direct influence on the persistence of chaotic
dynamics.

Figure 4 Effect of the fractional derivative order on the largest Lya-
punov exponent λ1 where β is the bifurcation parameter

To additionally examine the applicability of the proposed ap-
proach to incommensurate fractional-order dynamics, an incom-
mensurate configuration with q1 = 0.99, q2 = 0.98, and q3 = 0.97
was also tested. All other numerical parameters were kept iden-
tical to the main commensurate experiment, including σ = 16,
ρ = 45.92, β ∈ [1, 10], h = 10−3, and tn = 100. This additional
case allows the proposed method to be evaluated when each state
equation has a different fractional memory order.

As shown in Fig. 5, the proposed approach successfully captures
the bifurcation structure and the corresponding largest Lyapunov
exponent for the incommensurate fractional-order Lorenz system.
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Figure 5 Incommensurate fractional-order validation of the proposed
approach for q1 = 0.99, q2 = 0.98, and q3 = 0.97. (a) Bifurcation
diagram and largest Lyapunov exponent λ1 of the incommensurate
fractional-order Lorenz system. (b) Comparison of the largest Lya-
punov exponent obtained using the serial for and parallel parfor
implementations

Moreover, the serial for and parallel parfor implementations pro-
duce identical λ1 curves for the incommensurate case, indicating
that the proposed parameter-level parallelization remains numer-
ically consistent when different fractional orders are assigned to
different state equations.

■ Table 1 Computational performance for commensurate and
incommensurate cases

Case (q1, q2, q3) Serial time
(s)

Parallel time
(s)

Speed-up

Commensurate (0.99, 0.99, 0.99) 6617.57 1473.20 4.49×

Incommensurate (0.99, 0.98, 0.97) 6843.45 1974.79 3.47×

Table 1 further shows that the incommensurate case also bene-
fits from the proposed parfor-based computation. The wall-clock
time decreased from 6843.45 s to 1974.79 s, corresponding to a
measured speed-up of approximately 3.47×. Moreover, the over-
lapping serial and parallel λ1 curves shown in Fig.5 indicate that
the proposed parameter-level parallelization preserves the largest
Lyapunov exponent behavior in the incommensurate fractional-
order case. Therefore, the parallel implementation changes only
the execution strategy and does not alter the dynamical characteri-
zation obtained from the corresponding serial computation.

Numerical Consistency Between Serial and Parallel Implementa-
tions
To verify that parameter-level parallelization does not alter the
outputs of the underlying numerical algorithm, the Lyapunov ex-
ponent spectra obtained from the serial for implementation and
the parallel parfor implementation were compared under iden-
tical numerical conditions. Both implementations used the same
fractional orders, integration step size, initial conditions, param-
eter resolution, transient elimination ratio, and Gram–Schmidt

reorthonormalization interval. This comparison assesses imple-
mentation consistency between the two execution strategies; it is
not, by itself, an independent validation of the Grünwald–Letnikov
discretization or the Lyapunov exponent algorithm.

Figure 6 compares the largest Lyapunov exponent λ1 obtained
by the serial and parallel implementations. The two curves com-
pletely overlap over the entire investigated β interval, showing
that the proposed parfor-based parameter decomposition does
not introduce any numerical distortion into the computed Lya-
punov spectrum. Therefore, the parallel implementation changes
only the execution strategy while preserving the dynamical results
of the original serial computation.

Figure 6 Comparison of the largest Lyapunov exponent λ1 obtained
using the serial for loop and the parallel parfor implementation

The numerical differences between the serial and parallel im-
plementations were further examined for all three Lyapunov ex-
ponents. Since the proposed parallelization is performed only at
the parameter level, each worker solves an independent param-
eter realization using the same numerical scheme as the serial
implementation. Therefore, no modification is introduced into
the time integration, memory convolution, or Gram–Schmidt re-
orthonormalization process. The maximum absolute difference
and RMSE values between the serial and parallel Lyapunov expo-
nent spectra were found to be 0.00e+00 for λ1, λ2, and λ3 within
the reported numerical precision. These zero differences confirm
that the parfor-based implementation reproduces the serial algo-
rithm to the reported precision. They demonstrate execution-level
consistency but do not, by themselves, constitute an independent
validation of the accuracy of the underlying fractional-order solver.

Computational Time Comparison and Speed-Up Analysis
To quantitatively evaluate the computational benefit of the pro-
posed parallel framework, the serial for and parallel parfor imple-
mentations were executed under identical numerical conditions. In
both cases, the commensurate fractional-order Lorenz system was
analyzed with q1 = q2 = q3 = 0.99, σ = 16, and ρ = 45.92. The bi-
furcation parameter β was varied in the interval [1, 10] with a step
size of 0.1, resulting in K = 91 independent parameter realizations.
The integration step size was set to h = 10−3, the total simulation
time was tn = 100, and Gram–Schmidt re-orthonormalization was
applied every N = 20 integration steps.

The total computation time was measured as the wall-clock
time required to complete the full parameter sweep, including
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state evolution, variational equation integration, Gram–Schmidt
re-orthonormalization, Lyapunov exponent estimation, and bi-
furcation peak detection. The simulations were performed on a
computer equipped with an Intel Core i7-12700H processor and 16
GB RAM. The parallel implementation used six MATLAB workers.

As shown in Fig. 7, the serial for implementation required
6617.57 s to complete the full analysis, whereas the parallel parfor
implementation completed the same computation in 1473.20 s. Ac-
cordingly, the proposed parallel framework achieved a speed-up
of approximately 4.49×. Considering the use of six parallel work-
ers, the corresponding parallel efficiency was calculated as 74.87%.
These results demonstrate that parameter-level parallelization pro-
vides a substantial reduction in computation time while preserving
the numerical structure of the Lyapunov and bifurcation analyses.

Figure 7 Wall-clock execution time comparison between the serial
for loop and the parallel parfor implementation for the commensu-
rate fractional-order case q1 = q2 = q3 = 0.99

■ Table 2 Computational performance comparison between serial
and parallel implementations

Method Time (s) Time (min) Speed-up Eff.

Serial for 6617.57 110.29 1.00× –

Parallel parfor 1473.20 24.55 4.49× 74.87%

The obtained acceleration is consistent with the computational
structure of the problem. In fractional-order systems based on
the Grünwald–Letnikov approximation, each time step depends
on the weighted memory of previous states. Therefore, the time
integration itself cannot be efficiently parallelized along the tem-
poral axis. However, each value of the bifurcation parameter β
defines an independent simulation task. This makes parameter-
level decomposition a natural and efficient parallelization strategy.
Since each worker independently computes the system trajectory,
variational equations, Lyapunov exponents, and bifurcation peaks
for a distinct parameter value, no inter-worker communication is
required during the numerical integration.

Limitations of Parallelization in Fractional-Order Systems
Despite the significant computational gain achieved by the pro-
posed parfor-based framework, several limitations should be
noted. First, the nonlocal memory property of the Grünwald–
Letnikov derivative imposes a strict sequential dependence along

the time axis. Therefore, the proposed strategy does not parallelize
the time integration itself; instead, it parallelizes independent pa-
rameter realizations.

Second, the achievable speed-up is bounded by the number
of available workers and by overheads related to parallel pool
initialization, task scheduling, memory allocation, and worker
synchronization. In addition, memory consumption increases with
the number of workers because each worker maintains its own
state history and variational variables. For small parameter sets
or short simulations, these overheads may reduce the benefit of
parallelization.

Therefore, the proposed framework is most effective for dense
parameter sweeps, long simulation horizons, and computationally
demanding Lyapunov exponent calculations. Within this con-
text, parameter-level parallelization provides a practical balance
between numerical consistency, implementation simplicity, and
computational efficiency.

CONCLUSION

This paper presented a parallel computational framework for
the simultaneous extraction of bifurcation diagrams and Lya-
punov exponents in fractional-order chaotic systems. By com-
bining Grünwald–Letnikov discretization, Grünwald–Letnikov-
discretized variational dynamics, and Gram–Schmidt reorthonor-
malization, the proposed method enables the numerical charac-
terization of fractional-order chaotic dynamics under serial and
parallel execution strategies.

The commensurate fractional-order Lorenz system with q1 =
q2 = q3 = 0.99 was used as the main benchmark. The obtained
bifurcation structures showed strong qualitative agreement with
the sign variation of the largest Lyapunov exponent, supporting
the consistency of the dynamical analysis. The serial and parallel
implementations produced Lyapunov spectra that were identi-
cal within the reported numerical precision, indicating that the
proposed parameter-level parallelization preserves the numerical
outputs of the corresponding serial computation. From a compu-
tational perspective, the proposed parfor-based implementation
reduced the wall-clock time from 6617.57 s to 1473.20 s for the com-
mensurate case, corresponding to a speed-up of approximately
4.49× with a parallel efficiency of 74.87%. An additional incom-
mensurate fractional-order case with q1 = 0.99, q2 = 0.98, and
q3 = 0.97 was also evaluated. In this case, the parallel implemen-
tation reduced the computation time from 6843.45 s to 1974.79 s
and preserved the largest Lyapunov exponent curve within the
reported numerical precision.

These findings demonstrate that parameter-level paralleliza-
tion is a practical and numerically consistent strategy for acceler-
ating high-resolution bifurcation and Lyapunov exponent anal-
yses of fractional-order chaotic systems. Future work will fo-
cus on broader incommensurate fractional-order configurations,
higher-dimensional chaotic systems, adaptive step-size strategies,
memory-efficient implementations, and real-time or hardware-
oriented parallel computing approaches.
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